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Previously



In yesterday’s lecture...

gµν = ηµν + hµν

↓

Γρ
µν =

1

2
ηρσ (∂µhνσ+∂νhµσ − ∂σhµν + O(h2)

↓

Glin
µν =

1

2
(∂µ∂ρh

ρ
ν + ∂ν∂ρh

ρ
µ −□hµν − ηµν∂σ∂ρh

σρ
)

↓
□hµν = 0

↓(
−∂2

t + ∇⃗2
)
hµν = 0
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Perturbation Theory in Curved Spacetimes



General backgrounds I

→ GWs: small perturbations of a background metric g̊µν generated by
a source δTµν .

T̊µν → g̊µν

δTµν → δgµν (1)

→ Full metric:
gµν = g̊µν + δgµν , |δgµν | ≪ g̊µν (2)

→ Conditions mantained by the group of infinitesimal diffeomorphisms
generated by a vector ξµ such that:

gµν → g′µν = gµν +∇(µξν), (3)

provided ∇(µξν) is small [2, 1].
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General backgrounds II

→ From the full metric expression we get:

gµν = g̊µν − δgµν +O(h2) (4)

→ s.t.:
gµνgνσ = δµσ +O(h2) (5)

→ Einstein eqs.:

Gµν = 8πTµν

Rµν −
1

2
gµνR = 8πTµν (6)

→ where

Rµν = R̊µν + δRµν (7)

Tµν = T̊µν + δTµν (8)

T = T̊ + δT (9)
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General backgrounds III

→ Also remember that:

Rµν =
(
∂αΓ

α
µν − ∂νΓ

α
αµ + Γα

αλΓ
λ
νµ − Γα

νλΓ
λ
αµ

)
, (10)

→ where:
Γα
µν =

1

2
gασ(∂µgνσ + ∂νgµσ − ∂σgµν) (11)

→ Next steps:
(i) Find out who’s δΓα

µν ,
(ii) Find out who’s δRµν .
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Who’s δΓα
µν?

→ First we define Γσµν :

Γσµν ≡ gσρΓ
ρ
µν =

1

2
gσρg

ρβ(∂µgνβ + ∂νgµβ − ∂βgµν)

=
1

2
δ β
σ (∂µgνβ + ∂νgµβ − ∂βgµν)

=
1

2
(∂µgνσ + ∂νgµσ − ∂σgµν) (12)

→ s.t.:

δΓρ
µν = δ(gσρΓσµν)

= gσρδΓσµν + δgσρΓσµν . (13)

→ One may prove that[2]:

δgσγ = −(δgρµ)g
σρgµγ , (14)
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Who’s δΓα
µν?

→ subs. into the expression for δΓρ
µν :

δΓρ
µν = gσρδΓσµν − (δgγα)g

αρgσγΓσµν

= gσρδΓσµν − (δgγα)g
αρΓγ

µν (15)

→ changing the dummy indices α ↔ σ in the second term:

δΓρ
µν = gσρδΓσµν − (δgγσ)g

σρΓγ
µν

= gσρ
(
δΓσµν − δgγσΓ

γ
µν

)
(16)
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Who’s δΓα
µν?

→ Using the definition of Γσµν :

δΓσµν =
1

2
[∂µ(δgνσ) + ∂ν(δgµσ)− ∂σ(δgµν)] . (17)

→ Subs. into δΓρ
µν :

δΓρ
µν =

1

2
gσρ

[
∂µ(δgνσ) + ∂ν(δgµσ)− ∂σ(δgµν)− 2δgγσΓ

γ
µν

]
=

1

2
gσρ{

[
∂µ(δgνσ)− δgγσΓ

γ
µν

]
+
[
∂ν(δgµσ)− δgγσΓ

γ
νµ

]
− ∂σ(δgµν)}

→ Note that red and blue are ALMOST covariant derivates.
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Who’s δΓα
µν?

→ S.t.:

δΓρ
µν =

1

2
gσρ{

[
∇µ(δgνσ) + δgνγΓ

γ
µσ

]
+ [∇ν(δgµσ) + δgµγΓ

γ
νσ]− ∂σ(δgµν)}

=
1

2
gσρ{∇µ(δgνσ) +∇ν(δgµσ)−

[
∂σ(δgµν)− δgνγΓ

γ
µσ − δgµγΓ

γ
νσ

]
}

=
1

2
gσρ{∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)}

→ Finally:

δΓρ
µν =

1

2
gσρ{∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)}

=
1

2
g̊σρ{∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)}+O(h2) (18)

→ δΓρ
µν is a tensor!!!
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Who’s δRµν?

→ applying the same resoning:

δRµν = ∂α(δΓ
α
µν)− ∂ν(δΓ

α
αµ) + δ(Γα

αλΓ
λ
νµ)− δ(Γα

νλΓ
λ
αµ)

= ∂α(δΓ
α
µν)− ∂ν(δΓ

α
αµ) + (δΓα

αλ)(Γ
λ
νµ)− (δΓα

νλ)(Γ
λ
αµ)

+ (Γα
αλ)(δΓ

λ
νµ)− (Γα

νλ)(δΓ
λ
αµ) (19)

→ rearranging and identifying terms:

δRµν =
[
∇α(δΓ

α
µν) + Γλ

να(δΓ
α
µλ)

]
−
[
∇ν(δΓ

α
µα) + Γλ

να(δΓ
α
µλ)

]
(20)

→ The 2nd and 4th terms cancel, and we get:

δRµν = ∇α(δΓ
α
µν)−∇ν(δΓ

α
µα) (21)

→ This is known as the Palatini identity.
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Who’s δRµν?

→ Using the expressions for δΓρ
µν :

∇α(δΓ
α
µν) =

1

2
∇α{̊gσα [∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)]}

=
1

2
g̊σα∇α [∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)]

=
1

2
∇σ [∇µ(δgνσ) +∇ν(δgµσ)−∇σ(δgµν)]

∇ν(δΓ
α
µα) =

1

2
∇ν {̊gσα [∇µ(δgασ) +∇α(δgµσ)−∇σ(δgµα)]}

=
1

2
∇ν

[
∇µ(δg

σ
σ) +∇σ(δgµσ)−∇σ(δgµσ)

]
=

1

2
∇ν∇µ(δg

σ
σ)
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Who’s δRµν?

→ Hence:

δRµν =
1

2
[∇σ∇µ(δgνσ) +∇σ∇ν(δgµσ)−∇σ∇σ(δgµν)−∇ν∇µ(δg

σ
σ)]

→ We may identify δgµν = hµν so it becomes more friendly:

δRµν =
1

2

(
∇σ∇µh

σ
ν +∇σ∇νh

σ
µ −∇σ∇σhµν −∇ν∇µh

)
→ Taking the trace:

δRµ
µ =

1

2

(
∇σ∇µhµσ +∇σ∇µhµσ −∇σ∇σh

µ
µ −∇µ∇µh

)
= ∇α∇σhασ −∇α∇αh (22)
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Who’s δGµν

→ Using the Einstein tensor definition (to O(h)):

Gµν = Rµν −
1

2
gµνR

= R̊µν + δRµν −
1

2
(̊gµν + hµν)

[(̊
gαβ − hαβ

)(
R̊αβ + δRαβ

)]
= R̊µν + δRµν −

1

2
(̊gµν + hµν)

(
R̊+ g̊αβδRαβ − hαβR̊αβ

)
=

(
R̊µν −

1

2
g̊µνR̊

)
+ δRµν −

1

2
g̊µν

(̊
gαβδRαβ − hαβR̊αβ

)
− 1

2
hµνR̊

= G̊µν + δGµν , (23)

→ where:

δGµν ≡ δRµν −
1

2
g̊µν

(̊
gαβδRαβ − hαβR̊αβ

)
− 1

2
hµνR̊ (24)
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Perturbed Einstein Equations I

→ For vacuum solutions as background metric:

T̊µν = T̊ = 0 ⇒ R̊µν = R̊ = 0, (25)

→ Hence the Einstein equations become:

δGµν = 8πδTµν

δRµν −
1

2
g̊µν

(̊
gαβδRαβ

)
= 8πδTµν , (26)

→ which are (finally) the perturbed Einstein equations!!

→ Ex.: Schwarzschild spacetime, where R̊µν = RSch
µν = 0
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Tensor Spherical Harmonics & The Harmonic
Decomposition



The Harmonic Decomposition I

→ To fully take advantage of the problem’s spherical symmetry, we’ll
introduce scalar, vector and tensor spherical harmonics to separate
radial and angular dependencies.

→ First we must decompose our spacetime manifold:

M = M2 × S2 (27)
(t, r) (θ, ϕ)

→ s.t.:
xµ = (zA, ya), zA = (t, r), ya = (θ, ϕ), (28)

→ which means:

TpM = TpM2 ⊗ TpS2, ∀p ∈ M (29)
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The Harmonic Decomposition II

→ Vectors:
tµ = (tA, ta) (30)

→ (0,2)-tensors:

tµν =

(
tAB tAa

taA tab

)
µν

(31)

→ So on, and so forth...

→ Demands:
• Scalar (spin-0) perturbations ⇒ Y lm

• Tensor (spin-2) perturbations ⇒
(
Y lm, Y lm

a , Slm
a , Z lm

ab , S
lm
ab

)
→ Let’s enter S2, i.e., the realm of the tensor spherical harmonics...
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Scalar Spherical Harmonics

→ Given γab the metric on the 2-sphere S2:

γab =

(
1 0
0 sin2θ

)
ab

(32)

→ ∃ a covariant derivative ∇̃ s.t.:

∇̃aγbc = 0 (33)

→ Y lm = eigenvectors of the Laplacian op.:

LY lm = γab∇̃a∇̃bY
lm

= −l(l + 1)Y lm (34)
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Vector Spherical Harmonics

→ Vectors:
• Polar/Even:

Y lm
a ≡ (∇̃θY

lm, ∇̃ϕY
lm) = (∂θY

lm, ∂ϕY
lm) (35)

• Axial/Odd

Slm
a ≡ −ε b

a ∇̃bY
lm =

(
− 1

sinθ
∂ϕY

lm, sinθ∂θY
lm

)
(36)

→ where

εab =
√
γϵab

= sinθϵab (37)
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Tensor Spherical Harmonics

→ (0, 2)-Tensors:
• Polar/Even:

Z lm
ab ≡ ∇̃a∇̃bY

lm+
l(l + 1)

2
γabY

lm =
1

2

(
W lm X lm

X lm −sin2θW lm

)
(38)

• Axial/Odd

Slm
ab ≡ ∇̃(aS

lm
b) =

1

2

(
− 1

sinθX
lm sinθW lm

sinθW lm sinθW lm

)
(39)

→ where

X lm ≡ 2
(
∂θ∂ϕY

lm − cotθ∂ϕY
lm
)

(40)

W lm ≡ ∂2
θY

lm − cotθ∂θY
lm − 1

sinθ
∂2
ϕY

lm (41)
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Properties

→ Symmetric:

Z lm
ab = Z lm

(ab) (42)

Slm
ab = Slm

(ab) (43)

→ Traceless:
γabZ lm

ab = γabSlm
ab = 0 (44)

→ The following properties will be the most handy:
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Orthogonality Properties

→ Scalar product on S2:

⟨f, g⟩ =
∫
(f∗g)dΩ (45)

→ Scalar:

⟨Y lm, Y l′m′⟩ =
∫

(Y l′m′
)∗(Y lm)dΩ = δll

′
δmm′

(46)

→ Vector:

γab⟨Y lm
a , Y l′m′

b ⟩ = γab⟨Slm
a , Sl′m′

b ⟩ =
∫

γab(∂aY
lm)∗∂bY

lmdΩ (47)

= l(l + 1)δll
′
δmm′

(48)

→ Tensor:

γab⟨Z lm
ab , Z

l′m′
ab ⟩ = γab⟨Slm

ab , S
l′m′
ab ⟩ = l(l + 1)(l + 2)δll

′
δmm′

(49)
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Tensor Spherical Harmonics as Basis

→ Note that wrt the metric γab:
• tAB = scalar
• taA = vector
• tab = (0, 2)-tensor

→ Hence, we may construct a basis with the tensor spherical harmonics:
• {Y lm} = complete basis for scalar in S2

• {Y lm
a , Slm

a } = complete basis for vectors in S2

• {Z lm
ab , S

lm
ab } = complete basis for 2-tensors in S2 (symmetric and

traceless)

→ However
Tab = T traceless

ab +
1

4
γab

(
γcdTcd

)
(50)
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Tensor Spherical Harmonics as Basis

→ {Z lm
ab , S

lm
ab } take care of T traceless

ab .

→ {Y lm} take care of γcdTcd.

→ Hence we have a complete basis for all scalars, vectors and
symmetric 2-tensors in S2!!

→ The set {Y lm, Y lm
a , Slm

a , Z lm
ab , S

lm
ab } can be subdivided as seen

previously:
• Even = {Y lm, Y lm

a , Z lm
a }

• Odd = {Slm
a , Slm

ab }
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Tensor Spherical Harmonics as basis

→ Subdivision based on how they transform under parity:

θ → θ − π

ϕ → ϕ+ π

• Even:
Y lm(θ′, ϕ′) = (−1)lY lm(θ, ϕ) (51)

• Odd:
Slm(θ′, ϕ′) = (−1)l+1Slm(θ, ϕ) (52)
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The Harmonic Decomposition III

→ M = M2 × S2, st.:

hµν =

(
hAB hAa

haA hab

)
µν

(53)

→ Remember that wrt the metric γab:
• hAB = scalar
• haA = vector
• hab = (0, 2)-tensor

→ wrt to (t, r):
• hAB = (0, 2)-tensor
• haA = vector
• hab = scalar
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The Harmonic Decomposition IV

→ Where:

hAB =
∑
l,m

hlmABY
lm (54)

hAa =
∑
l,m

(
he,lmA Y lm

a + ho,lmA Slm
a

)
(55)

hab =
∑
l,m

[
r2

(
K lmγabY

lm +GlmZ lm
ab + 2hlmSlm

ab

)]
(56)

→ {hlmAB, h
e,lm
A , ho,lmA ,K lm, Glm, hlm} are all functions of (t, r) to be

determined by the perturbed Einstein equations.

→ The subdivision:
• Odd: {ho,lmA , hlm}
• Even: {he,lmA , hlmAB,K

lm, Glm}
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Next Time...

Tomorrow: The Regge-Wheeler Equation!!!

Thank you!
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