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In yesterday’s lecture...

Guv = M + h,uu
i

T = %n’” (OphwotOvhue — Ol + O(h?)
!
Gl = %(aﬂa,ﬁpu + 0,0,1" , — Ohyy — 00 9,h°")
!
Ry =0
!
(—8? - 62>EW =0
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Perturbation Theory in Curved Spacetimes




General backgrounds I

— GWs: small perturbations of a background metric g, generated by
a source 671,

Tyw = Guu
5Ty — 8Gyu (1)
— Full metric:
Juv = .é/u/ + 5g,w, |5g;w| < .&m/ (2)

— Conditions mantained by the group of infinitesimal diffeomorphisms
generated by a vector £ such that:

Guv — g;u/ = 9w + V(ugu)a (3)
provided V(,§,y is small [2, 1].
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General backgrounds IT

— From the full metric expression we get:
9" =g = 8g" + O(h?)
— s.t.:
9" gvo = "5 + O(h?)

— FEinstein egs.:
G =81l

1
Rl“’ — iglu,R = SWTMV

— where

o

Ry = Ry, +0R,,
T = Ty + 0T},
T=T+6T



General backgrounds ITI

— Also remember that:

Ry, = (8aT5, = 0,15, + TS, — TSI, (10)
— where:

1
Tfy = 59° (O + 0080 = 0s9y0) (1)

— Next steps:
(i) Find out who’s 6I',,
(ii) Find out who's 6R,,,.
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Who's oI, 7

— First we define I'y,,:

1
Fcr;w = gapl—‘ﬁy = §gapgpﬁ(auguﬂ + auguﬁ - aﬂguu)

1
= §5aﬁ(auguﬁ + al/guﬁ - aﬁg;w)

1
= 5(8;191/0 + OvGpo — OoGyuw) (12)

— s.t.:

orf, = 0(9° Topw)
= 97?0 o + 697 Loy (13)

— One may prove that[2]:

6977 = — (699" 9", (14)



Who's 6T ?

uv

— subs. into the expression for 617,

6FZV = gapéra,uz/ - (5g’ya)gapggvra,uu
= g7P0T gy — (09ya) g1} (15)

j%

— changing the dummy indices « <+ ¢ in the second term:

6FZV = gUP(;FO_MV - (5970_)90;)1-\;);”
=97 (0Topv — 097017, (16)
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Who's 6T ?

uv

— Using the definition of 'y,

L (0u(0gu0) + 0u(69p) — s (390 (a7)

[ 5 [

— Subs. into 0T,

1
5FZV = §gop [au(égua) + au((gg/w) - 80(59,”) - 25970F7w]

1
= 59 p{[ u (0gve) — 59W0FZW] + [au(égua) - 5ngZu] - aa(dg/w)}

— Note that red and blue are ALMOST covariant derivates.
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Who's oI, 7

— S.t.:
1 (o
OT‘ZV = 59 L [vu(égva) + 59V7FZLJ] + [VV((SQMU) + 59M7FZU] - 80(59;w)}
1 (o
= 59 p{vxt(égw) +vu((59ua> - [aa(ég;w) 591/7 po 59#7 1/0']}

1
= §gap{vu(5gw) + VV((Sguo) - vo(dguu)}

— Finally:
1
(5qu = §gap{vu(5gvo) +Vu(0guo) = Ve (0guw)}
1.,
= 59 p{V“((Sg,,U) + V,,(CSQ,W) - Va(églw)} + O(hQ) (18)

— 0T, is a tensor!!!

12 /32



Who’s 0R,,,,7

— applying the same resoning:

OR,, = 0a(6T%,) — 0,(0T%,) + 6(Te,Iy,) — 6(TeTa,)
(0T%,) — 8, (8T%,,) + (6TE\)(T,,) — (6T%)(Ta,)

+ (Tan)(0T5,) — (T (0T5,)  (19)

— rearranging and identifying terms:

0o
Ja

ORy = [ValOT3,) + T3a(0T5)] = [Vul0T ) + Tha(0T5)]  (20)
— The 2% and 4" terms cancel, and we get:

5R,u1/ = Va((SFgu) - VV((San) (21)
— This is known as the Palatini identity.
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Who’s 0R,,,,7

— Using the expressions for 6I',:

o 1
Va(oI},) = 5

Vo (01,) =

QVQ{QW (Vu(0gvo) + Vi(dguo) — Vo (dgum)l}

1.
= -9°“Vq [v,u(égz/o) + Vu((sg,ua) - Va(éguy)]

2

= 1V" [Vu(d9ve) + Vi(dguo) — Vo (0guw)]

2

S VAT [V(30a0) + ValGum) = Tol6g50)]}

1
2V [vu(éggo) + va((sg,ud) - vo—((sguo‘)]
= LYY,
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Who’s 0R,,,,7

— Hence:

1
Ry = i[vavu(‘sgua) + VUVU((SQW) - V”VU(égw) - V,,Vﬂ(ég{,)]

— We may identify dg,, = hy, so it becomes more friendly:

SRy = = (VoVuh,” + VoV,h," — VVohy, — V,V,h)

N | —

— Taking the trace:

]' g o o
OR!, = 5 (VI + VIV By = VIV hY, = VIV h)
= VVha, = VVah (22)
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Who's G,

— Using the Einstein tensor definition (to O(h)):

1

Guy = RNV — §guyR
o 1 . o o .
- Rl“/ + 5RMV - 5 (gull + h,u,u) [(g B - h/ B) <Ra6 + 5Raﬁ)]
> 1 ° o oy aB B
= Ry + R = 5 (G + ) (B + 5% Ras — 1™ o)
- 1 o > 1 ° o aB £ 1 o
— (o = 59w R ) + 0B — S (570 Ras — % Rag ) = Shu
2 2 2
= é,uzz + 5G,u117 (23)

— where:

1. /.4 0B £ 1
5G,uu = 5R,LL1/ - ig,ul/ (g /B(SRa,B - h ﬁRaﬁ) - §thR (24)

16 /32



Perturbed Einstein Equations I

— For vacuum solutions as background metric:

Ty =T=0= R, =R=0, (25)

— Hence the Einstein equations become:

0G = 87Ty,
1, ooy
6By = 59 <g ﬁaRaﬁ) = 80T, (26)

— which are (finally) the perturbed Einstein equations!!

— Ex.: Schwarzschild spacetime, where ]—E{W = Rﬁﬁh =0
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Tensor Spherical Harmonics & The Harmonic

Decomposition




The Harmonic Decomposition I

— To fully take advantage of the problem’s spherical symmetry, we’ll
introduce scalar, vector and tensor spherical harmonics to separate
radial and angular dependencies.

— First we must decompose our spacetime manifold:

M= M;x §* (27)
t,7) (6,9)
— s.t.:
o= (N y"), =), vt =(0.9), (28)
— which means:
oM =T,Ms 2 T,S* Vpe M (29)
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The Harmonic Decomposition II

— Vectors:
t* = (t4,19) (30)
— (0,2)-tensors:
taB taq
tu = 31
o= (5 tab)w (31)

— So on, and so forth...

— Demands:
e Scalar (spin-0) perturbations = Y™
e Tensor (spin-2) perturbations = (Y™, y/m, glm Zzim gim)

— Let’s enter S2, i.e., the realm of the tensor spherical harmonics...
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Scalar Spherical Harmonics

— Given 74, the metric on the 2-sphere S?:

10
Tab =\ sin20
ab

— 3 a covariant derivative V s.t.:

va.")/bc =0

— Y™ — eigenvectors of the Laplacian op.:

]LYlm _ ,Yab@a@bylm
= —I(l+1)y™

(34)
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Vector Spherical Harmonics

— Vectors:
e Polar/Even:

Yl = (VoY W Yim) = (957" 0,7 (35)

o Axial/Odd

- 1
Sim = _¢ by, ytm = <— . 3¢Ylm73m939Ylm> (36)
sind
— where
€ab = \ﬁeab
= sinfeyy (37)
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Tensor Spherical Harmonics

— (0, 2)-Tensors:
e Polar/Even:

m ~ o~ m l(l + 1) m 1 /Wim xim
Z(llb = VaVbYl +T'7abyl = 5 (le —Sin29Wlm (38)

o Axial/Odd

S 1 (—_LXm singw'm
im — lm _ sinf
Sab = Viab)' = 3 (smewlm sinQWlm) (39)
— where
lm — lm im
xim =9 (898¢,Y — cotfdsY ) (40)
1
Im — 92y lm lm 2y lm
W™ =05y cotf0yY py oY (41)
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Properties

— Symmetric:

zlm — Zggg)

al
Sab - Sé%)
— Traceless:

abZab — abSlb -0

— The following properties will be the most handy:
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Orthogonality Properties

— Scalar product on S%:

(frg) = /(f*g)alQ

— Scalar:
<Ylm,Yl/m/> _ /(Yl'm/)*(Ylm)dQ _ 6ll’6mm'
— Vector:
ab /v lm 'm/’ Im gl'm’ Im\ Im
Feb(ylm ylm'y — yabigim gl'my [ by yimye g, yimaQ
= 1(1 + 1)s" o
— Tensor:
A, ZU'y = A (S SIY = 11+ 1) (1 + 2)8 5

(45)

(46)
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Tensor Spherical Harmonics as Basis

— Note that wrt the metric v4;:
e t4p = scalar
o t,4 = vector

ety = (0,2)-tensor

— Hence, we may construct a basis with the tensor spherical harmonics:
e {Y'™m} = complete basis for scalar in S?
o {Y!m §Im} — complete basis for vectors in S?

o {ZIm Smy — complete basis for 2-tensors in S? (symmetric and

traceless)

— However

1
Top = Tip "' + 1 Jab ('YCchd> (50)
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Tensor Spherical Harmonics as Basis

— {ZIm Stmy take care of Tiraceless,
— {Y!™m} take care of y“T,,.

— Hence we have a complete basis for all scalars, vectors and
symmetric 2-tensors in S?!!

— The set {Y!™ ylm, glm zlm g§lm} can be subdivided as seen
previously:

e Even = {Yim ylm zimy

e Odd = {Slm, glm
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Tensor Spherical Harmonics as basis

— Subdivision based on how they transform under parity:

0—0—m
p—o+m
e Even:
Yo', ¢') = (-1)'Y"™ (6, ¢) (51)
e Odd:
SO, @) = (=1)1S"(, ¢) (52)
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The Harmonic Decomposition II1

- M = My x SQ, st.:
_ hap hAa
hyw = ( ho hab>W (53)

— Remember that wrt the metric v4p:
e hap = scalar
e h,4 — vector
e hg = (0,2)-tensor

— wrt to (¢,7):
e hap = (0,2)-tensor
® h,4 = vector

e h,, = scalar
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The Harmonic Decomposition IV

5 Where:
hap =Y hpy'™ (54)
haa = lff (g yam + g st (55)
hap = lzmj [72 (Klm’yabYlm +Gmzm 2h’msgg")} (56)
o

— {hlm, he’lm, hi"lm, Kim G plmY are all functions of (£,7) to be
determined by the perturbed Einstein equations.

— The subdivision:
e Odd: {n%™, nim}
o Even: {h;’lm, hfﬁg, K Glm}
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Next Time...

Tomorrow: The Regge-Wheeler Equation!!!

Thank you!
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