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Perturbations in Schwarzschild




Previously...

— From previous lecture:
e Odd: {n%™, nim}

o Even: {nG'™ hly K Gim}

— Which means that we can decompose the perturbation thusly:

h,ul/(ta 7,0, d)) = hfw(ta T79’¢) +h2y(t7’r"9a¢)’ (1)
— where:

By = 3 (FPE" Y™ 4 RpYI 4 ng Y 4 Gl
I,m
ho, =3 (hjzlmsgm n 2hlme{l?) 2)
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Perturbations [ > 2

— Note that we're taking first and second derivatives of Y™ which are
composed of Assoc. Legendre polynomials P

Y™ = P,
W = P (3)
— Hence:
38m ylm o i>1
3 Sm zim o> 2 (4)

— 1 =0, 1 have nothing to do with GWs:

monopole — | =0 = BH mass
dipole -+ 1 =1 = BH ang. momentum
quadrupole — | = 2 = Grav. radiation



The Schwarzschild background

— The geometry for the exterior of a spherically symmetric body of
radius R is given by the Schwarzschild metric, in spherical coordinates:

ds? = —f(r)dt* + f~(r)dr* 4+ r?dQ?, (5)
— where f(r) = (1 - %), 2M = Rs.
— For this to be a black hole:
R < R, (6)

— Also where:
dQ = db? + sin*0dg? (7)



The Regge-Wheeler Gauge

— Once again we turn to a gauge transformation for simplification.

— We perform an nfinitesimal diffeomorphism:

h,/u,u = h;u/ + 2v(u€u)a (8)

— s.t. we can set:
W™ = Gl = i = 0, (9)

— which means we can make hjlm = Wl = (R (t,r), R (L, 7))



The Regge-Wheeler Gauge 11

— In this gauge:

m lem Hlm

h% = hffﬁ = (hém (_szn6‘8¢ylm) hém (‘%‘ngaeylm)> (11)
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The Regge-Wheeler Gauge II1

— Putting them all together:

fH(l)mylm H{mylm hlm _ 1 ¢ylm hém Sinea@ylm
B B H{mylm f_lHémYlm hlm E_ sz£0 3¢Ylm§ hllm Esineaeylmg
wy * * r2Klmytm 0
* * 0 r2(sin20)K!myim

— Which renders the full metric perturbation tensor in the
Regge-Wheeler gauge!

— However, we’ve seen that we can decompose h,,, based on parity:



The Regge-Wheeler gauge IV

— Odd (Axial):

B (— Lo 9,Y™)  him (singopy™™)

0 O
sm9
o _ |00 R (— =5 05Y'™)  RY™ (sinfpY ™) (13)
lm * % 0 0
* % 0 0
— Even (Polar)
fHm™ g™ 0 0
Hlm f—lHlm 0 0
lem = 5 0 2 T‘2Klm 0 Ylm (14)
2

0 0 0 rsin20 K'm



The Path to Regge-Wheeler I

— From this:

0 0 h%}" (—sz}wa Yim) hg" (sz:nH(%Y;m)

o 0 0 A ( smea Y m) hm (3171089}’ m) (15)
* 0 0
* % 0 0

— We can reconstruct the line element substituting the perturbation
components (for fixed {l, m}):

1
ds2 40 = ds%opw — (hgm . 08¢Y“"> 2dtd + (hi"sinfdgY'™) 2dtde—
Sin

1
B <hi”"”sma¢Ylm> 2drdd + (h{"sinfpY ™) 2drdg  (16)



The Path to Regge-Wheeler 11

— And from this:

fHY™  H™ 0 0
Hlm flelm 0 0
lem = 6 0 2 T‘2Klm 0 Ylm (17)
0 0 0  risin?0K'™

— We get the even line element (for fixed {l,m}):
A52yen = = (14 HEYI™) a2 4 770 (14 HY'™) dr

n (1 n K’mylm) r2dQ2 + 2HImY M gty (18)



The Path to Regge-Wheeler 111

— Now the idea is to construct:

1
OG™ = ORE™ = S (979 RES™) (19)
O O 1 o o QY O
0Go! = SR — Sgu (9°70REY) (20)

— Before that, since the background spacetime is static, we may
separate the time dependence through a Fourier transform:

+oo

R (t,7,0,0) = / Py (w, 7,0, §)e™ ! dw (21)

—0o0

— Such that:



The Path to Regge-Wheeler IV

00 Zlé)m (_Sznea Ylm) Elém (smé?@ngm)
~? = 00 hlm (_szn06¢ylm) hllm (SanBQYlm)
m x % 0 0
k% 0 0
fagr 0 0
T H{m f_lHém Q 0 ylm
im 0 0 T'QKlm 0
0 0 0 r2sin20K'm

— We’ll use these functions instead from now on.

(22)



The Path to Regge-Wheeler V

— Note that, for the Odd Einstein equations:

1
ds? g = ds% e — (hgmmad)ylm) 2dtd0 + (h{"sinfdgY"™) 2dtde—

1
= (1t g0y ) 2 + (imsinoony'™) 2ards (20

— Perturbation terms only off-diagonal, hence:

1. /.
0Ge = SR — g (99 RE)

odd __ odd
5GoM — 5RO (25)

— Reference [2]| uses the equations:

6Ryu, =0 (26)



Source |

— Reference [1] uses:

G =0
0G = 87T,

— Where we must prepare the source the same way we did with the

metric perturbations.
0 0 ToddS, TS,
0 0 Todd S Todd S
Todd — 1 0 1 ¢ 2
0 v T(c))dd S@ Tlodd S@ T;)dd 590 Tsodd S0¢> ( 9)
TgH'Sy TPHSs ToMSpy T9M'Se



Source 11

Tgvenylm  pevenylm Tgvenyim Tgvenyim
Tevenylm  pevenylm Tevenylm Tevenylm
01 11 1 2 1 3
8T, " = | pevenylm  pevenyim pevenylm 4 peven zlm Teven zlm
H 0 2 1 2 z 00 z ¢
cveny lm evenylm even Llm evenylm ;2 even Llm
TEvenyl Teveny) Tven Zkm (T yimsin20 4+ T Z¢¢)

(30)

— Bear in mind that everything we do on the LHS, will also be done to
the RHS of the perturbed Einstein equations, including the separation
of the angular part.

— For the Odd/Axial part, both references|2, 1| yield the same exact
equations, since:
dd __ dd
6Gy, =Ry, (31)



Odd/Axial Equations

— Remember that:
R, = % (VUVMh,f’ +VeVih,” = VN hy — V,,V,JL)
— Decomposing
ot = (5nes i) @

— Where:



Odd/Axial Equations

+oo A(O) A(l) .
20Rap =) / <A§(T) Ai(gs ylme=iwtdy, (33)
Ilm Y~ m m
+o0 .
20R A, = Z/ (aTYalm + 6%"5’,27”) e " dw (34)
Im v~

+o00 .
20Ra =) / (Agf;jr%abylm + simZig + tlmsfgj) e “'dw (35)
Iym ¥~



Odd/Axial Vacuum Equations

— where:

: , "I+ -1
= F0 i+ i)~ 20 (L DT = L) e

Bim _ f (zwho - w2hl1m) QZlehlm <];// + (l(l + 1) _ f - 1)) hllm

r2

tin = 1w f g™ + R g+ f R

— For vacuum we set:

B =0 (36)
tim =0 (37)



Odd/Axial Sourced Equations

— For the sourced we need to appropriately separate the angular
angular part.

— We need to construct the orthogonality relations, for ex:
. . . y*im

(i) Multiplying 60R 44 by 898m9

Y*lm

T sinf

(ii) Multiplying 0 R 4¢ by
(iii) Subtracting (z) — (i7)
(iv) Integrating in d<:



Odd/Axial Sourced Equations

— LHS:

nd 7 " sind
4o . }/elmngklm Y*lmym 0
Z/Oo A / sind 5m9 +
Z/ Blm ab Slm S >)
—+00
Z / Bl + 1) (38)

Y*lm Y*lm
/dQ(ai SRy, — 02 6RA0>:




Odd/Axial Sourced Equations

— RHS:
aey*lm 8¢Y*lm 4
1 Q — - _ o
67T/d < sind (STA¢ sind 0T 40 l(l + 1)167T5TA (39)
— s.t.:
gl = —16m6T3 (40)
— i.e

1!
F(RO 1 + TWh 1) — inihllm + (% + W+h+f=-1

r2

. > i = —16m6TE

-1 " _ _
F (iwhy gy — WRY™) — 2iwf7h6m + (% + w> R = —16xsTP



Odd/Axial Sourced Equations:

— Analogously for t;,,, first we define:

_ 0Ryy
(SR_ = (5R99 - SinQG
— s.t.:
lm tlm Im
OR_ = s, W' — —X
sind
20Rpy = Stm X+ i sindWim

— Thus:

sind sind

*lm *lm
/dQ <W 20 Roy — 6R_> — (= 1)1+ 1)+ 2t

— Doing the same analogously for the RHS of ;,,:

tim = —16m0T°%



Odd/Axial Sourced Equations:

— Using the definitions for BZ”, tim:

r2

11 _
F 0+ B 1) — 20 B 4 (f? GRS S 1> R = —16m6TS™

- m . - m " (1 1)—f—1
7 okl — PR = 2ol " 4 (g UGS VN )]

= > R = —16m6T7

iwf YR 4 fRY gy + fRYT = —16m6T0M

— Which are the Odd Einstein equations!!!



Next Time...

Tomorrow: The Regge-Wheeler & Zerilli Equations!!!

Thank you!
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