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1 Lecture 1. Introduction: Infrared triangle and CFT

Celestial Holography, as follows from the name, uses the idea of holographic duality, which means establishing
correspondence between symmetries in the bulk of the space-time (in our case symmetries of asymptotically
flat space-time) and symmetries on its boundary (in our case 2-dimensional conformal symmetry). Therefore,
to build a bridge from bulk to boundary, we need to get familiar with each of the two subjects in particular. In
the first lecture we will introduce the core developments, tools and methods used to study both asymptotically
flat space-times and conformal field theory.

1.1 Infrared triangle

Creation of the celestial holography program would be unimaginable without a deep study of infrared issues
arising in any QFT containing massless particles that can have low energies. Before proceeding to understand
the celestial basis, we should quickly talk about this IR story, and the central figure in such discussion will be
the infrared triangle.
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Infrared triangle is a relation that connects 3 seemingly unrelated subjects: soft theorem, asymptotic sym-
metries and memory effect.

Even though these three subjects seem unrelated, any two of them are deeply connected, and in reality are
the same statement expressed in different "languages".

The first vertex, soft theorems, originated in QED and was generalized to gravity in 1965 by Weinberg [1].
This family of theorems describes how scattering amplitudes factorize when a massless external particle becomes
soft.

The second vertex, asymptotic symmetries, is connected to symmetries that a system has on its asymptotic
boundary. Back in 1962 Bondi, van der Burg, Metzner and Sachs [2, 3] expected that asymptotically flat
spacetime of general relativity would have the Poincare group of special relativity. Surprisingly, they found that
the symmetry group is in fact infinite dimensional.

The third vertex, memory effect, was discovered in 1974 by Zelbdovich and Polnarev [4] and developed by
Christodoulou. This effect describes how a passage of gravitational wave through a LIGO-like detector produces
a permanent shift in the positions of its mirrors. Though not tested yet, there are several proposals of how to
test it in the next several decades.

As depicted in the picture below, we can transition between any two of these vertices. Ward identities
written down for asymptotical symmetry of the S-matrix lead to the soft theorems. If we do a Fourier transform
of a soft theorem, the infrared pole will become a step function in time, leading to the memory effect. And
finally, transition between two vacua, related by asymptotic symmetry, is nothing else but a memory effect.

The IR physics in 4D is not the purpose of our lectures, so we will not go into too much detail, leaving just
the necessary parts that will be used in the celestial story later on. For the most expanded discussion on this
matter an interested reader can refer to Strominger’s lectures. However, some details and explanations I will
provide in this very first lecture, concentraiting on the conceptual significance of what will be done.



1.1.1 Asymptotic symmetries

The BMS group was studied back at 1960s [2,3] by H. Bondi, M. G. J. van der Burg, A. W. K. Metzner and
Rainer K. Sachs to look at the behaviour of gravitational waves at null infinity, finding an infinite dimensional set
of supertranslations belonging to the symmetry group. Half a century has passed and the interest to description
of asymptotically flat spacetimes began to grow and it was shown in [5,6] how supertranslation symmetry
implies corresponding Ward identity and extensions of BMS group have been proposed |7, §].

To begin with, some short reminder of asymptotically flat spacetimes and their symmetries will be brought

up.

Definition 1. We will call a spacetime asymptotically flat if we can write its metric temnsor as a sum
v = Nuv + hyw, where 1y, is a Minkowski metric and h,, satisfies the following conditions:

1. lim, o0 by = O(1/7);
2. 1imy 00 Aphy, = O(1/72);
3. limy 00 Ox0phy = O(1/7%),
where v 1 12 = 22 4 y? + 22 is the distance from the center of coordinates.

Basically, these conditions mean that the curvature of spacetime vanishes at large distances from the center of
coordinate system and that at large distances spacetime becomes indistinguishable from Minkowski spacetime.

One might remember how we describe the asymptotics of Minkowski spacetime when coordinates go to
infinity, using Penrose diagrams. We might recall it, making a coordinate transformation:

1
t+r:tan§(T+R), (1)

1
t—r:tang(T—R).

Figure 1: Minkowski space-time in spherical coordinates (¢,7,0,¢) and Minkowski space-time in conformally
transformed spherical coordinates (T, R, 8, ¢), where t- and r-infinities are transferred to finite distances. Here
t,r € (—o0,+00), and T € [—m,+7], R € [0, 7].

Looking at the Figure 1 we find different types on infinities on it:

1. iT — timelike future infinity with ¢ — +oo,r = const. Massive particles who travel with speed less than
the speed of light, end up at i+.

2. i~ — timelike past infinity t — —oo,r = const. Massive particles who travel with speed less than the speed
of light, originate from i~.

3. i® — spacelike infinity t = const,r — oco. This is the area in which space-like slicing can be realised.

4. It — null future infinity t +1r — oo,t — r = const. Massless particles who travel with the speed of
light, end up at # 7.

5. &~ — null past infinity t — r — —oo,t + r = const. Massless particles who travel with the speed of
light, originate from .7 .




In the following the future and past null infinities .#* will be the most important subjects for us of the ones
listed above. Far away from the beginning of coordinates null infinities of an asymptotically flat spacetime (from
where massless particles originate and where they end up) have the same structure as Minkowski spacetime.
Loosely speaking, slices of these null infinities will be the boundaries where our 2D conformal field theory will
dwell.

Asymptotically flat spacetime can be described in terms of a BMS formalism, starting with imposing a Bondi
gauge on the form of a metric.

Definition 2. We say that we have imposed the Bondi gauge if the metric meets the following conditions:
(i) We can write metric in form
v
2P Zdu? — 2¢*P dudr + quAdudxA + gABd:vAde,
r

where

and Yap : ds* = yapdzdz = 4dzdz/(1 + 22)? is a unit metric on a sphere.
(i) The conditions are satisfied:
Grr = GrA = 0= guu = guA’ ar det(gAB/r2) =0
(i1ii) Near # we also require fall-off conditions for stress-energy tensor:
Tou =0(%), Toh=00"?),
Té\:{ = 0(7‘_4)7 TA/{X = O(T_3)7
T} =0(r™), Tip=00"").

The flat space coordinates and Bondi coordinates are connected via

X“—<u+r,r2+z L z—z 1—22)

—, 1T 777/. —
1+ 2z 14+2z2 1422

The stereographic coordinates z, Z are related to spherical coordinates 6, ¢ as follows:
2z = €' cot —,
_ (3)
zZ=e "¥cot—.
2

In the same manner, we impose the Bondi gauge on the past null infinity .# ~. Analogously to the retarded
coordinate u =t —r on .1, we introduce the advanced coordinate v =t + 7.
A metric in the Bondi gauge can be reduced to the following form:

e Near .# T

2
ds® = —du® — 2dudr + 2r2'yzgdzd2 + Eduz +rC,,dz? + rCs5dz?
r

—2U,dudz — 2Uzdudz + - - - , (4)
with U, = —1D*C..;
e Near ./~
2 2 2 _ ., 2mB o 2 )
ds® = —dv® + 2dvdr + 2r°v,z:dzdz + Tdv +rD,.dz* +rDssdZ
-2V, dvdz — 2Vzdvdz + - - -, (5)
with V, = 1 D*D,,.

2



Here mp is a Bondi mass aspect (since in some spacetimes it can be connected to the mass), C,, and D,,
are defined as outgoing and incoming shear tensors, while N, = 9,C,., M., = 0,D,., — outgoing and incoming
Bondi news tensors. All these functions may depend on (u, z, Z), but not on r.

Exercise 1. Show that in these coordinates, the Minkowski metric takes the form:
ds* = —du® — 2dudr + 2r*y,.dzdz. (6)
Actually, mp, C,,, N, are not all independent. They are related by constraint equations. The uu constraint
gives [9]
Oump = Ip2y= + ey lp (7)
u 4 z 4 z 2 Uy
while the uz constraint reduces to

1 . 1
OuN, = 1D (D2C* — D2C%) = T)! + 0.mp + —D.0,(C..C**)

) L (8)
- Z (NZZDZCZZ + szDzCZZ) - ZDZ (Ozzsz - szczz) )
where we defined 1
T = ZNZZN” + lim r2TM, (9)

Conformal S2s

Figure 2: The structure of our asymptotically flat spacetime. .#+
is denoting future and past null infinities; v and v are retarded and advanced Bondi time coordinates.

We will not perform the calculations leading to the symmetry group of (4) and its copy near .#~ (namely,
to the BMS* groups), as they are quite volumous. Instead, we will write down the generating vector fields,
omitting the computational part.

Supertranslations near £+ are generated by vector fields

€ = [0~ H(D*f0. + D*f0.) + D D. o, (10)

and near .#~ by
1 =
57 :fiav+;(sziaz+sziaE)7DZsziar7 (11)

where f(z,%), f~(z,2) — arbitary function on S?, therefore one can clearly see that there are infinitely many
supertranslations. If we take f(z,z) = const, it will generate u-translations, meanwhile if we take it to be [ =1



harmonic on the sphere, we retrieve three spacial translations. Namely:

z2+z

-translations : Z) =sinfcosp = —— 12
x-translation fule,2) = sinfeos = T (12)
translati £y(2,2) = sinfsin g = —i——
-translations : z,Z) =sinfsing = —i—
N vy 1+ 22’
1—2Zz
-translations : ,Z) =cosf = .
z-translations f2(z,2) e

Exercise 2. Show that they indeed generate 8 spatial translations.

To calculate, for example, how metric tensor changes under these transformations, we will need to compute
its Lie derivative:

5g/u/ = Lég;w = gpapg;w + (aufp)gpu + (8V€p)gup (13)

Therefore, the original BMS group includes Lorentz transformations and supertranslations. Later it was
found that rotations can also be extended to superrotations, what lead to the extended BMS group, but this is
a whole different story that we will discover during the 3rd lecture.

Since we are interested in scattering processes between .#*, which are not connected together by definition,
we need a prescription of initial values on them of what we are integrating. In our case we integrate mp,
therefore we need to determine the initial value. For now we propose that BMS™ frame should be determined
by the Lorentz- and CPT-invariant matching conditions, defining C..| ,+ = 2D2C| ,+

C(zvéﬂjf = 0(2,2)|]+— ) mB(ng)‘fj' = mB(272)‘y+_ : (14)

These conditions basically "glue together" our asymptotic data on .#_ and #F. Instead of having two
independent symmetry groups BM S*, we connect them through this condition and have one.

The matching condition for N, is discussed below. As mentioned, conditions (14) break the combined
BMS™ x BMS™ action on .# T and .#~ down to the diagonal subgroup that preserves these conditions, namely,

f(z,i)\]j :f(3a2)|y+—~ (15)

These infinite number of matching conditions yield the existence of infinite number of conserved charges.
The supertranslation charges at .# ™ can be written as [10,11]

1
+ = —— 2 = 1
Qf e /y+d 27v.zfmg, (16)
Q; = L d* 2.5 f (17)
I 4mG [, T

Integrating by parts, using the constraint equation, and assuming mp decays to zero in the far future, we
can write

1 _
+_ - 2 ~ zz 2 2Z 22

Qf = 16nC dud*zfv,zN,,N e d°zv** fD; D3N, (18)

Q7 = —— [ dvd®zf .z M..M* + L d*2y** f~D?*D?. (19)
I 7 16rG 8rG =TE

Of course the charges Q¥ existed even before imposing matching conditions. But the fact that a conservation
law Q}' = QJT takes place only if the matching conditions are set.

1.1.2 Soft theorem

The Quantum Field Theory description of scattering processes of gravitons and scalar particles was studied
back in 1960s [12-15]. The original soft graviton theorem corresponding to some scattering process with a soft
graviton attached to one of it’s legs, published by Steven Weinberg in 1965 [1], was claiming that the resulting
amplitude with soft graviton differs from the original one just by multiplying it by some factor depending on
the particles” momenta with the 1/q dependence on the soft graviton momenta plus terms O(1) of it. In 2014
Cachazo and Strominger [16] extended the theorem for subleading order, calculating the second term in the soft
expansion.

The soft theorem will be derived from Einstein-Hilbert action coupled with a massless scalar field ¢:



2 1
S = _/d‘lx,ﬁ—g LQR+ ig“l’@M(ﬁ@l,qb , (20)

in the weak field expansion g,, = 1., + khy,. Imposing harmonic gauge 0*h,, = %8yh, one can expand the
gravitational and scalar parts of the Lagrangian as

2 1 o v 1 v v
Ly= 3R = 50uhu O W + S0,h0 4 Oy 0h*? = O Oyl -

1

1 1 1
L= _iﬁgﬂuau¢aV¢ = _iaﬂ(bau(b + iﬁhﬂu 0,90, ¢ — Qnuungpaaﬁbapd) +e (21)

and find the Feynman rules for such theory [17]:

—1

- 22
p p2 —ie’ ( )
[TV 046 p— ;Z Npalvg + n#ﬁn’/ba — NuvNap , (23)
2 p? —ie
132
iR
= ?(pl,upm/ + PivP2yu — NP1 p2) (24)
4! P2
Consider a scattering process with n incoming particles of momenta {p1,pa, ..., p,} and m outgoing particles
of momenta {p},p5, ..., P}
(25)

D1 .
One then add an outgoing soft (low-energy) graviton with momentum ¢, attached to the external line of the
process Feynman diagram with momentum p € {p1,pa, ..., Pn, P, Doy« P }-
P q

(26)

D1 .
This will give the original scattering amplitude an additional factor consisted of
e propagator with momentum p + ¢ (or p — ¢ depending on is the initial particle incoming or outgoing):
—1i 1
(2m)* (p+ nq)* +m? —ie’

where 17 = £1 shows was the particle incoming or outgoing,

(27)

e vertex p+ ¢ — p (or p — p — ¢ in case of an incoming particle):



~ (om)VERG (2" + ) (29" + ") (28)

For ¢ — 0 the resulting factor will be written as

—1 1 1
= (2m)*V8rG (2" + ng")(2p” + ng”) =
(277)4(p+77q)2+m2—iex2( ™) V8w G(2p" + ng")(2p” + nq”)

V8nG dptp” + 2n(ptq” + ¢"p¥) + ¢"q” >, 2
2 p?+2np-q+¢* +m? —ic
V8rG  Aptp” o
=Y PP L 0(1) = Ve G WL o). (29)
2 2np-q—ie -q —1ine

This is the leading order contribution of the 1 soft graviton scattering with a 1/(p-q) pole. Now, if attaching
this soft graviton to an arbitary diagram, one has to sum this result (29) over all external lines, which will be
given as:

m—+n

> Vera W ' (Z PN p?p?')zmsmm_ (30)

i=1 "q e —pirq—ic ‘= pi-qtie

This way, the amplitude for a scattering process with one soft graviton (¢ — 0), originally obtained in [1],
can be constructed as follows, provided that the original m + n-point amplitude (25) is A, 4n:

Am+n+1 s.g.(pla .. -p;na Q) =V 87TGSP(L(1)/)€#VAm+n(p17 .. p;n) + O(l) (31)

If one is interested in the subleading order O(1) of soft graviton theorem, it was shown in [16] that

An+m+1(p17 s p;na q) = (S(O) + S(l)> An+m(p17 .. p;nv q) + O(ql)a (32)

with subleading soft factor

m—+n
E, kY pv
s = Z o - (ZPJ ) (33)
a=1 a

Here arises the angular momentum factor, which was absent in the leading order.

1.1.3 Memory effect

Now we will move to describing gravitational memory effect, the final part of IR triangle. The memory effect
characterizes a pair of inertial detectors stationed near .# in a region with no Bondi news N,, = M,, = 0 at
both late and early times. At intermediate times, gravity waves pass through, causing oscillating distortions
in their relative separation. This relative separation lies in a plane (z,z) perpendicular to the direction of
gravitational wave propagation, and we will denote the corresponding positions as (s*, s%).

As the gravitational wave propagates perpendicular to the plane of two inertial masses (detectors), it is
displaced. After the gravitational wave has passed, the masses are permanently displaced, due to the memory
effect.

The equation of geodesic deviation implies

r°7:2005" = —Ruyzuz5", (34)
where ,
Ryus =~ 502Csc. (3)
Now we just integrate this equation and obtain the shift:
As* = LOACLs7. (36)
2r

This is the gravitational memory effect. The difference AC,, between initial and final transverse metric com-
ponents need not vanish, as flatness does not require C,, = 0. Proposals to measure the gravitational memory
effect with a variety of methods are given in [18,19].



Figure 3: The top image shows how the circle of probe masses (detectors) is displaced before (grey) and after
(blue) gravitational wave passes. The bottom graph depicts how the distance between two of the probe masses
(detectors) starts oscillating when the gravitational wave passes through and ends up being permanently changed
by some distance.

1.1.4 Soft Theorem <+ Asymptotic Symmetry (Ward identities)

Before deriving Ward identities from soft theorem result, some time will be dedicated to understanding what
is a Ward identity, which follows from supertranslation symmetry of S-matrix

QFS—5Q; =0. (37)

Firstly, one should fix some important notations. In- and out- states on the conformal sphere at past and
future null infinities (Z*) will be denoted as |2i",---) and (29", - .|, respectively .
Approaching point of u,r — +00, the parametrization of spatial momentum is given by

p = z,—iz 42,1 —22), p-p=w’ 38
P 1+22(z+z iz 41z 2Z), p-pP=w (38)

Asymptotical approximation of gravitational field at u,r — +00 can be written in terms of mode expansion
as

i (2 Egl/'2ﬂ32w [0 (@a2™ (e’ + <0, (@a™ T (@e 7], (39)

where ¢° = wq = |q], a = £ are the two possible graviton helicities and the creation-annihilation commuta-
tion relation is taken to be
|2 (@), ™ (@)] = bap(2wq) (2m)°8%(7 — 7). (40)

out(

Inserting annihilation operator a2"*(§) corresponds to introducing a graviton of momentum ¢ and polarization

« in terms of soft graviton theorem.
The graviton four-momentum can be parametrized as
Wq
1+ ww
Tpv Eiugiu

gt = (1 4+ ww,w + o, —i(w — w),1 — w), (41)

with polarization tensors e may be written down as

(’Uja 17 _i7 _w)a
(U}, 17 ia —U)), (42)

obeying et ¢, = si”qu =0 and

\fr( —&—wz).

@) = 0D = T o @) = e @ = (43)



From the expression for metric in Bondi coordinates near future null infinity, substituting mode expansion
(39) and the definition of h,, = 0,2"0.x"h,, one can see

1 out
C..(u,z,2) —/frlggorh (ryu,z,2) =

=k lim 73233“3 zv E / *(q)aout(q)e iwqu—iwgr(1—cos ) + h.c. (44)
3 pv e ’
= 27r 2wyq

r—oo I

where 6 is an angle between ' and ¢.
As approaching the spatial infinity » — oo, the expression under integral will oscillate with stationary points
0,7, and therefore approximating over the spatial momentum the integral may be written as

K e ou AN —iwau ou S\ piwgu
sz‘—WA sy [a2 (wg)e™ " — 0T (wy)e ] (45)

Now the outgoing Bondi news tensor may be rewritten in terms of creation and annihilation operators as
follows:

NY¢ (2,2z) = / due™*9,C,, =
—00

=~ / duog [a5" (wq ) (wq — w) + a2 (wg) d(w, +w)] (46)

If w> 0 (w < 0), only the first (second) term survives and one can define

N:z(za 2) = - KwaiUt(wfi) )
27(1 + 22)?
. (47)
N¥(z5) = rwa®™™ (wi)t
2z )= 271+ 22)2
where w > 0.
The zero mode will be defined as
0 _— - w _ K : out out/ A\t
NG =l VT4 NG = g Jm, o) o) (1

The same analysis holds for the past null infinity, where in the end one arrives to expression for incoming
Bondi news tensor

r lim [walf (w) + waif(wi“)T] . (49)

M ) =E—————
=(22) =~ Jim,

Now one can define an operator

0. = NL.(2,2) + MZ.(2, ), (50)

which will arise a in the next section when deriving Ward identity, to merge Fock space and Bondi metric
notations.

If one fix arbitary function f(w,w) = the matrix element between such states can be then written as

out in out in - E;‘iut - Ein
(L RS o) = (ISl ) (D e Y | (51)
=z - 21
where current P, is given by
P, = Ye (/ dvd,V, — / dud, U > 4G72262(’)zz (52)

with O,, defined in (50) and for incoming and outgoing energies E}fn, EQ"* holds conservation law

m

DB =) B (53)
k=1

k=1

10



Ward identity, corresponding to supertranslations, is given by expression (51).

Now, after understanding how supertranslation symmetry of asumptotically flat spacetimes is leading to
Ward identity, one may be interested in finding connection between it and soft theorem. To do so, some
preparation may be needed.

First of all it is useful to write down momenta and polarization vectors in holomorphic coordinates::

1n ﬂn - (,in zin in zin
+z —i (2 — 2 1—2z'z
p;]: Ell’l < ( k k ) k ;

1—+-zk“z,‘§“7 1+ zinzin 1—|—zkzk

o Eout 1 out +z —out —q (Zgut zzut) 1— Zgutzgut (54)
P = 1 + Zoutzout’ 1 _|_Zout zout 7 1+ Zoutéout ’
k “k kE “k k “k
s =wl1, z+27’ fi(zf:?)vlfz% ’
1+2z" 142z 142z
1
+p — = 1 >
€ =—(z1,—1,-2),
(q) 7 ( )
Taking into account (50), the S-matrix element may be written as
out in K : out out in
e :OZZS; o = - — ] [ L S
(| ) = g, [l et asle ) -

Foolg, - |San i) ).

Here, the fact that a®*(w?)! (a'?(w#)) annihilates the out (in) state for w — 0 was used. The first term
corresponds to an outgoing positive helicity soft graviton, while the second — to an incoming negative helicity,

both with spatial momenta wz. Therefore, the sum of two amplitudes can be combined in one term
out . |. R K : out | out - in |
<Zl ) | . Ozzs |Zl ’ > 27_(_(1 T 2’5)2 wg%h [w<zl ) |a’ ( x)S|Zl ) >} . (56)

Writing now the soft graviton theorem (30) with a positive helicity outgoing graviton

lim [w(z0", - [aQ(@)S|20, - )] =

w—0

=% lim lzm: wpg, e (@) - wlpk e (@) (2900, |82, (57)
k=1

2 w0t Pl q e R

Substituting (57) into (56) and using coordinates (54), one finds the final expression for S-matrix element
with insertion of O, .:

; 8G
(21, "‘|¢OzzSI|Zl1nv"‘>:m< R |S\Z1 .
m outz_zout n EnZ—Zk)
. 58
kz Z_Zout +Zout Zl 1—|—Z )] ( )

Now, to reconnect with Ward identities, one should remember that P, = ic 7228 0., and calculate matrix
element with P, inserted:

1

<ZTut,"’|:PzS: ‘len,>: 4G zza < OUt,"'|:OzzS: ‘len,>
o m Eout n Ein
= (", |Sz17~-~>l22’;out—22 o (59)
k=1 k k=1 k

+ (281 )

m out ,out n

Z Eptzy _ Z Ek Zk
1 Zout 1 ZmZ

k=1 + 2 k=1 +

In this expression the last term vanishes due to momentum conservation and what left is nothing else but
the Ward identity
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m n

ou in ou in Eout Ein
(29 P s |2 ) = (20 t7"'5|zl7"'>[zz kout_zz kin ; (60)

— 5 _
k=1 k k=1 Zk

which was obtained using the machinery of quantum field theory approach.

1.1.5 Memory Effect ++ Soft Theorem (Fourier Transform)

Recall that the Bondi news tensor is defined as the proper time derivative of the shear: N,, = 9,C,,. The
total permanent shift in the metric is just the integral of the news over all time:

AC,, = / duo,C,, = / duN,.(u). (61)

—o0 —oo
But this integral is exactly the zero-frequency limit of the Fourier transform of the news tensor!
o .
AC,, = lim due™"N,,(u) = N7V, (62)
w—0 J_ o
Looking back at our equation (48), we see that the zero-frequency news N, is exactly the zero-energy limit of

the graviton annihilation operator lim,, o wa®“*(w). Thus, the classical memory shift AC,, is mathematically
equivalent to the insertion of a soft graviton.

1.1.6 Memory Effect ++ Asymptotic Symmetry (Vacuum Transition)

To complete the IR triangle, we need to understand how does the shear C,. transform under a BMS
supertranslation f(z,z). We should act with a Lie derivative on a corresponding component of metric tensor
09>> = L¢g.». As a result we will obtain the following constraint on the shear tensor:

§¢C,, = —2D?f. (63)

If we consider the spacetime before the wave passes (u — —oo) and after it passes (v — +00), both regions
are empty Minkowski vacua (news N,, = 0). However, the passing wave creates a permanent shift AC,,. This
implies that the initial and final vacua are not the same; they differ precisely by a BMS supertranslation with
parameter f, such that:

AC,, = —2D*f. (64)

Therefore, the memory effect is a physical, measurable transition between two degenerate Minkowski vacua
related by a supertranslation.

1.2 2D CFT basics

To appreciate all the beauty of celestial holography program, we need to get to know some basics of conformal
field theory. This conformal field theory will be considered on a 2-dimensional celestial sphere mentioned above,
and therefore, we will restrict ourselves to introduce the basics of 2D CFT.

1.2.1 Conformal transformations in D dimensions

Definition 3. By denoting the metric as g, (x) we say that a coordinate transformation x — ' is conformal
if the metric is scale-invariant:

o () = (@) g (). (65)

The word conformal arises from the fact that conformal transformations preserve angles between curves. To
see which transformations can be conformal, we should look in the infinitesimal one a'* = z# + €*(z) and see
how metric changes up to first order in e:

ozf Oz
g:“’(x/) = o' ng/\(x) = (5Z - auep)((s;i\ - ave)\)gp)\ =9 — (avf,u, + aueu) (66)

where we have used that e#(z) = e# (2’ — e(z')) = e (a') — €’ (2")d,e*(2') + o(e?). From here we can see that
the infinitesimal transformations satisfy:

Ovey +0ue, = (1 — A()) g (67)
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Taking now the trace of this expression, we find the form of an infinitesimal function (1—A(z)) = 20,¢" = f(z).
Now we apply one more derivative to the equation and for simplicity consider flat spacetime g,,,, = 7,

apayeu + 8p8u€1/ = apfn;u/) (68)
8uau6p + auapeu = &/fmp» (69)
0u0,€, + 0,0u€p = Oy f10p- (70)
If we now sum (68)+(69)-(70) and then contract with #?, we arrive to an equation:
20%¢,, = (2 — d)0,.f. (71)

Taking now derivative 9* from both sides and remembering f(z) = %8H6“, we arrive to

(d—1)0%f =0. (72)

Solving in for d > 3 we obtain the following types of conformal transformations with their infinitesimal
generators:

(translations) 't = at + a”, —10; (73)

(dilations) " = azt, D = —iz"9,; (74)

(rigid rotations) 't = M" " L,, =i(z,0, —x,0,); (75)
I N 2

(SCT) o v K, = —i(22,2"8, — 2%0,,). (76)

1—2b-x+b2z2’

However, the most interesting case for us, namely d = 2, will be considered in the following.

1.2.2 Conformal transformations in 2 dimensions

The case of 2D is of special interest for us because as we have seen, the celestial sphere is 2-dimensional.
Therefore, to ask for conformal symmetry on a celestial sphere, we need to reduce our search to D = 2.
Let’s consider a plane parametrized by (2°, 2') and a change of coordinates z — w, under which the metric
tensor transforms as follows:
g (w) = dw" dw"” gaﬂ(z).
0z 02P
If this coordinate is conformal, then after applying it (since the original metric is flat) the conditions (65)
for the components ¢’°° and ¢''!, ¢’°' and ¢’'° become:

ow\ 2 ow® w

(5) +<8Z1) (azo) <a) ’ (7®)
Ow? ow! 8w0 ow'!
029 929 62’1 0z1

w® w’ dw' Jw!
0209 9z1 9 9209 91

(77)

=0.

When solving this w.r.t.

we obtain the Cauchy-Rieman conditions for holomorhic

ow®  ow' ow’ ow?
921~ 9207 920 T 9’ (79)
or antiholomoprhic functions
o’ dw' o’ dw! (80)
0zL 0207 920 9217
This motivates us to use holomorphic and antiholomorphic coordinates (z, z) from now on:
z =204z, (81)
z=2"—iz', (82)
1
c’L = 5(80 — 281) = 8 (83)
1
85 = 5(80 + 281) = 8 (84)
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In these coordinates we rewrite the metric tensor as:

0 1) (0 2)
Juv = 2] g" = . (85
o (; 0 2 0 )

In this language, conditions (78) become just dw = 0, which means conformal transformations are just
holomorphic (or analytic) functions on the complex plane f(z).

Important remark here is to remember that originally (z°, 2') were real independent coordinates in R?, and
therefore (z, Z) in principle should be considered as two dependent complex coordinates. In practice, we say that
we treat z and Z as two independent complex variables on C2, and 2°, z' therefore are complexified. However,
when we return back to our physical space, we should imply condition Z = z*, returning to our real surface.

1.2.3 Global conformal transformations

The Cauchy-Riemann conditions are local conditions, which in general can mean that f(z) is not well-
defined everywhere, but only in some area. Therefore, we will distinct global conformal transformations that
are well-defined on the whole Riemann sphere and local ones that are not.

The global conformal transformations (a.k.a. Moebius or projective transformations)

b
f(z):%, ad—be=1, a,bedeC, (86)
form a SL(2,C) group of 2x2 matrices A = Z Z with unit determinant.

A composition of two Moebius transformations is indeed another one f; o f; and is given by matrix multi-
plication of corresponding matrices A; Ao, therefore forming a group.

1.2.4 Conformal generators

We now turn our attention to the local conformal group. Any infinitesimal holomorphic transformatino can
be expressed as following:

o0
2 =z2+e(z), €(z)= chz'”l. (87)
— 00
Here the transformation admits a Laurent expansion around zero, but is a holomorphic function in a ring
around zero. Therefore, to see which generators induce such mapping, we should expand up to first order in €
a scalar (for simplicity) field ¢(z, z) living on the plane after an infinitesimal transformation:

¢/(ZI7 2/) = ¢(Zv 2) = ¢(Z/7 2/) - G(Z/)ald)(z/, 2/> - E(21)5/¢(2/7 Zl)a (88)
66 = —e(2)06 — €(2)06 = 3 [ealnd (2 2) + ealnd (2 2)] (89)

where 1,,,1,, are nothing else but generators of conformal algebra
ly=—2""10,,1, = —z""10;, (90)

obeying commutation relations:

[lmv ln] = (m - n)lm—i-na (91)
[lms In] = (M — 1), (92)
[lm-ln] = 0. (93)

Both [,, and [,, obey Witt algebra, so sometimes we will say that algebra of conformal generators is nothing
else but two copies of Witt algebra: Witt@Witt.

One may notice that generators [_1,lp,[; form subalgebra which reproduces the global conformal algebra
sl(2,C). Notice also that when n = —1,0, 1, the generators are holomorphic on the whole Riemann sphere.

Exercise 3. Demanding that the generators should be holomorphic at z = 0 and z = oo (make an inversion
z =limy_,0 =) show that n € {—1,0,1}.

For some intuition we will list some of the generators and their action below:
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e | = —0, — translations on the plane;

e [y = —z0, — scale transformations + rotations on the plane;

o [y = —220, — SCT (special conformal transformations) on the plane;

o L, +1,, il — fn) — generators that preserve the real surface 2%, 2! € R.

Here I specified that all these transformations are "on the plane" so nobody will try to directly connect
translations in 4D bulk with these ones. Actions of aforementioned symmetries are considered and called
translations (or rotations, dilatations, etc) only on the 2D plane.

1.2.5 Primary fields

To build a space of states in 2D CFT, we need a specific set of local fields called primary fields. These fields
are annihilated by lowering generators of conformal algebra and have a special transformation rule they obey.
All the other fields in CFT can be obtained by acting with raising generators on the primary fields and are
called their descendants.

Before defining a primary field, we should introduce some important notation:

1
Definition 4. For a field with scaling dimension A and spin s we define h = §(A + ) to be his holomorphic
- 1
conformal dimension, while h = i(A — s) an antiholomorphic conformal dimension.

And now we can define the primary fields:

Definition 5. A field that under a conformal map z — w(z),z — w(Z) transforms as

s = (27 (9) Vo

Notice that a quasi-primary field can transform this way under global SL(2,C) transformations only. When
a field transforms according to this rule under any local conformal transformation, we call it a primary field.

is called a quasi-primary field.

Rigorosity Alert 1. Now we should make an important note: even though it would be mathematically correct,
in the latter we will not use the word "quasi-primary", when talking about fields transforming this way under
global SL(2,C) transformations. We will start calling these fields primaries, and later on we will discover that
they are primaries indeed if we consider superrotation symmetry.

1.2.6 Correlation functions

We should also quickly mention which symmetries and properties do correlation functions have in CFT.
We start with a two-point function for a quasi-primary field with action S[¢] (using complex coordinates

(2i,2i)):

Z

The conformal invariance of the action and of the functional integration measure leads to the following
transformation of the correlation function z — w(z),z — w(2):

(61 (21, 21)bale2 22)) = (dw) (d“’) (dw) (dw)m (611, 1) oz, B2)). (95)

dz - dz = dz 2 dz %

(91(21, 21)p2(22, 22)) = 1 /[d‘l’]%(zlail)@(zmiz)eXP{—S[‘I’]}- (94)

If we specialize to a scale and rotation transformation z — Az, Z — AZ we obtain
(1(21,21)ba (22, Z2)) = NFP X2 () (021 X1 ) o (A2a, AZ2)). (96)

Meanwhile translation invariance requires that the correlator depends only on the differences z12 = 21 — 25
and Z12 = Z; — Z3. Taking into account the scaling and rotation invariance, we get:

Cia
hi+ha Zhi+hs’
212 212

(91(21,21)92(22, 22)) = (97)
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where C5 is a constant coefficient. It only remains to use the invariance under special conformal transformations.

We recall that, for such a transformation w(z) = %5, the derivative is:
d 1 dw 1
w _ . (98)
dz  (1-0b2)?2" dz  (1-bz2)?
The transformation for the distance wys = wy — wo is given by:
212 _ Z12
Wiy = , Wi = = —, 99
BT A —bz) (1 —bz) T (1—b7)(1— bm) (99)
therefore the covariance of the correlation function implies
Cia _ Cia (y17y2)rh2 (’71’72)B1+ﬁ2 (100)
Zil2l+h2 Zil21+h2 7?17?1752732 Z{L21+h2 Z{L21+h2
with _
=1 =0b2z), % =(1-0bz). (101)

This constraint is identically satisfied only if Ay = ho = h and hi = he = h. In other words, two quasi-
primary fields are correlated only if they have the same conformal weights:

>

Ci2 ) _
if hy =hg=hand hy = hy =
(propo) = 4 230 22} : (102)
0 otherwise

Performing similar analysis, denoting z;; = 2z; — z; and Z;; = Z; — Z;, we can obtain the expression for a
3-point function:

($1626s) = Cizg x !
19208 = hitha—hs Jhaths—hi Jhsthi—hz ~ _hythy—hg —hoths—h1 hs+hi—hs
12 23 13 219 293 213

(103)

Exercise 4. Perform a similar analysis and obtain 3-point function.

Unfortunately, conformal covariance can only carry us so far. When considering the 4-point function, we
discover that the form of it might depend arbitarily on cross-ratios. There is a finite number of linearly
independent cross-ratios that one can construct in 2D CFT:

212234 214723 n 212234

n=— 1- n= ) = B} (104)
213724 213724 1—n 2142923

but unfortunately an infinite number of real functions f(n,7) one can construct out of them:

(p1020304) = f(n.7) I_IZh/3 it Zh/g hi=hs (105)

1<J

As we can see, the 4-point function is no longer uniquely fixed by conformal invariance.

1.2.7 Ward identities for correlation functions

Since we have symmetry and we have correlation functions of fields satisfying this symmetry, it is reasonable
to ask about Ward identities of the theory. For our purposes, we will restrict ourselves to just postulating them.

For correlator (X) of n primary fields, we have two equivalent formulations of Ward identity (which we will
not derive, but interested reader can find derivation in detail in [20]):

0c(X) = =) [e(wi)u, + de(w;)hi] (X)
{ absolutely the same thing! (106)
- 1 hi
= W, X .
Z{z—wi8“+(z—wi)2 (X) +reg

=1

where 2D momentum-energy tensor is T'(z) = —277T,,, T(2) = —27T:; and
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For the global conformal transformations generated by {l11,lo}, this variation must vanish, and therefore
exist the following three relations on correlators of primary fields, which are global Ward identities:

D 0w (X) =0
> (Widu, + hi)(X) =0 (107)

?

S (w0, + 2wihi)(X) =0

(2

1.2.8 Operator Product Expansion

When the position of two or more fields coincide, it is usual to have singularities in correlation functions.
The operator product expansion, or OPE, is a representation of a product of operators at positions z and w,
by a sum of terms, each being a [well defined as z — w operator] x [possibly divirging as z — w function of

(z —w)].
Definition 6. OPFE of two fields is an expansion

N

Az)B(w) = Y

n=—oo

{éB }Z)()?:) (108)

as z — w, where fields {AB}, (w) are nonsingular at w = z.

The most important part of the OPE is the singular part. Therefore, we will usually disregrad the regular
in (z — w) terms and will put the symbol when we mean equality modulo expressions regular as z — w. For
example, OPE of a primary field ¢ of conformal dimensions h and h:

h
b(w, T) + ﬁé‘mﬁ(w, o), (109)

T(2)p(w, w) ~ G-wp

)+ Da (). (110)

1.2.9 Closing remarks on CFT

Conformal field theory is a fascinating and deep area that any theoretical physicist needs to explore sooner or
later. It has applications in surprisingly many domains of theoretical physics at different levels of abstraction.
String theory and the AdS/CFT correspondence (as follows from the name) simply could not exist without
conformal field theory.

However, in these lectures we will limit ourselves to the essentials of CFT mentioned above, hoping that
they will be enough to set an introductory bridge to celestial holography.

Rigorosity Alert 2. If between any lines that I wrote you start asking yourself the question "why?" I strongly
recommend opening the Big Yellow Book [20] or a smaller blue book [21].
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2 Lecture 2. From momentum space to celestial sphere

In order to establish holographic correspondence, we need a dictionary to translate the physics in the 4-
dimensional bulk to the physics on the 2-dimensional celestial sphere. Moreover, we need to understand how
conformal algebra is connected with algebra of Lorentz generators, how to construct the basis wavefunctions
and which properties they possess. With this vocabulary established, we can define precisely what a celestial
amplitude is and study how it transforms.

2.1 Lorentz algebra and si/(2,C) algebra

To explicitly see the correspondence between generators of these two algebras, we start from the Lorentz
generators that in general case look like

JHV :Luu+SuUa (111)

where L,, = —(z,0, — x,0,) is orbital angular momentum and S, is spin generator. Right now we will
concentrate on the scalar case S*¥ = ( for simplicity since our course has introductory character. Spinning case
is considered, for example, in [22].

The orbital part consists of rotations J; and boosts Kj:

J; = _Eijkmjaka ivja ke {17273} (112)
Ki = —(J,'Oai + .%'1(90) (113)

They obey the standard Lorentz algebra:

(i, J5] = €ijiJ,
(K, K] = —eijiJk, (114)
[Jz KJ] = Eiijk~

Exercise 5. Check that (114) holds.

Rigorosity Alert 3. There exist several ways of showing equivalence between action of Lorentz group and
SL(2,C) group on momentum space. I will demonstrate it using the so-called Milne slicing, when we start by
parametrizing massive states in Minkowski near i, but then take one of the parameters to infinity, obtaining
massless limit. It can be also obtained in a possibly clearer way if one uses the spinor helicity notation, but I
will not overload this short lecture course with introducing it. For the ones who crave spinor helicity formalism
and action of SL(2,C) on spinors, I refer to a review [23].

In hyperbolic coordinates (7, p, z, Z) the Minkowski metric takes the form
05 = —ar? + 72 (9 4 p2azaz 115
s =—dr 471 7 + p°dzdz ) . (115)

These are related to the usual Cartesian coordinates

ds® = —(dX°)% + (dX1)? + (dX?)? + (dX3)? (116)
by
7=/(X9)2 = (X1)2 = (X2)2 — (X3)? (117)
X! 4+iXx?
X s
XO +X3

(119)

TV (- (- (0
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with inverse

X0 = %Tp(l + 22+ p7?) (120)
Xt = %Tp(z +2) (121)
X2 = —%Tp(z —3) (122)
X3 = %Tp(l —2Z2—p ?). (123)

The hyperbolic coordinates represent Minkowski spacetime as a foliation (labeled 7) of 3D constant curvature
hyperbolic spaces. We label spacelike slices in the future (past) lightcone of the origin by 7 > 0 (7 < 0). We
are especially interested in the +7 — oo slices that approach .#*. We denote them by H. 3i The de Sitter slices
at spacelike separations from the origin are labeled by positive imaginary 7. The asymptotic slice 7 — 700 is
denoted by ng. This is illustrated in Figure 4. The p = oo boundary of H5™ will be referred to as the "future
celestial sphere” and denoted CS™. The analogously defined past celestial sphere will be denoted CS™.

Figure 4: Penrose diagram of hyperbolic slicing of Minkowski space. The slices correspond to surfaces of
constant 7. The slices in the past and future lightcones of the origin have the geometry of Hs, and the slices
with spacelike separation from the origin have the geometry of dSs.

As we can see from the picture, the hyperbolic slicing can only take us close to the upper boundary of future
celestial sphere fj‘ that is located "near" i on the Penrose diagram or to the lower boundary of past celestial
sphere £~ that is located "near" i~. However, the form of Lorentz generators does not depend on the exact
S2-slice of null infinity and is preserved in the same form for both .#* and I

In these coordinates, Lorentz generators (114) take the following form:

Jy = —% (22 = 1)d. — (22 - 1)2s] Ky = % (22 = 1)d. + (22 = 1)2s] (124)
Jf‘% [(z* +1)0. + (2% + 1) , K> [z +1)0: — (2% + 1)0%] , (125)
—i(20, — 203), K3 = —(z@z + 203). (126)

Exercise 6. Derive the form of Lorentz generators (114) in coordinates (1,1, 0, ¢), then take the limit n — oo
and go from spherical coordinates (0, ) to (z,z)

The combinations of derivatives and powers of z give us a hint that conformal si(2, C) generators are hidden
inside the Lorentz ones. Indeed, if we now we construct linear combinations from these generators as follows:
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Ly = *%(Js +iK3), Lo = %(J3 —iK3) (127)
L= —%(J1 FiKy +i(Js +iK)), L= %(J1 — Ky —i(Jy — iK>)), (128)
L= %(J1 Ky —i(Jy + iK)), L= f%(Jl — iK1 +i(Jy — iK>)), (129)

they will obey the commutation relations of sl(2,C) algebra.

Exercise 7. Euxplicitly check that sl(2,C) algebra is obeyed.

2.1.1 The Millennium Falcon and light aberration

Time to return to the cover of our lecture notes, depicting Han Solo and Chewbacca enjoying a hyper jump.
What would they actually see? How would the celestial sphere they see actually transform when they move at
relativistic speeds?

According to special relativity when an observer starts moving with speeds close to the speed of light, the
angle from the source that at resting frame was 6 will transform to 6':

tan (‘;) _ \/Etan (Z) . (130)

When we rewrite it in stereographic coordinates z = tan (g) e’ Z = tan (g) e~

0\ 1— 0\ 1-—
z' = tan (2> e'? =4/ T Z tan (2> e =/ Hizz, (131)

and analogously z’ = }I_—ZE , which correponds to dilatations on a celestial sphere. Notice that the scaling factor
1;2 < 1, which means we are moving towards the north pole (z, Z) = (0,0) in the direction of movement. This

can be depicted as Han Solo and Chewbacca seeing distant stars, even the ones behind them being "collected"
near their direction of movement. As we can see from the relation between so(1,3) and sl(2,C) algebra, this
shifting of stars on a sphere will be purely conformal transformation, preserving angles.

2.2 Conformal primary wavefunctions

2.2.1 Derivation
Conformal primary wavefunctions ¥ should satisfy two conditions (again, we consider the scalar case):
1. Highest weight condition, since they are conformal and primary:

LW = L0 = 0; (132)

2. Wave equation, since they are wave functions:

(V2 —m?)¥ = 0. (133)
Now we notice that function .
U~ ———r 134
AT @+ a)A (134)
satisfies the first condition: )

L\UA =L1¥pA =0, (135)

while also being an eigenfunction of the Lorentz boosts in the 23 direction:
(Lo + Lo)¥a = AUy, (136)

(Lo — Lo)Ta = 0.

If we multiply WA by an arbitary function f(a*z,), it will still satisfy the conditions (135), (136). Also
notice that sum (2% + %) is given by a product of 4-vector z# with another 4-vector ¢* = (1,0,0, 1) pointing in
the direction of the coordinate x2. Collecting everything together, we have a wavefunction looking as follows:

flatz,)

Ya= s

(137)
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Exercise 8. Apply the SL(2,C) generators and see that (135)-(136) actually holds for chosen wavefunction.

Now we should also remember that it should as well obey wave equation. In the rest of this section we will
denote ? = z*z,, for simplicity. Not to confuse this notation with the 2nd component of 4-vector z*. So, the
wave equation for a function of such form is given by:

422 f" (2%) — 4(2A — 2) f'(2?) — m2 f(2?) = 0. (138)
Exercise 9. Show that (133) indeed yields this differential equation.

Bringing this equation to a Bessel equation, we first make a change of variable 22 — y = V/z2, and it
transforms to:

v fy = A =3)yf, —m*y’f = 0. (139)
We will search solution in a form f(y) = y*g(y), and substituting this ansatz we fix « = A — 1 for the above
equation to fit the canonical Bessel equation. The equation will now take form:

v*9"(y) +yg'(y) — [m*y* + (A = 1)*]g(y) = 0. (140)

The last step now is to perform a scaling z = my, and we arrive to the known modified Bessel’s equation,

which solutions are linear combinations of modified Bessel functions of first and second kind. The condition

that our wave function should vanish on spatial infinity 22 — oo picks only the wave function of second kind
Ka_4, arriving to the following expression for function f(vx?2) :

f(@?) ~ (Va2)A T Ka_q (mVa?). (141)

Taking it into account, up to some normalization our wavefunction will have form:

(Va?)A!

Ua(w,2) ~ i Ka-1(mVa?). (142)
(q-z)
Under Lorentz transformations, ¢ and x transform linearly:
oz |'/?
q“(#,z") = 57 ALY (z, 2), 't = Aa”, (143)
Z
and independently of the normalization, the wavefunction therefore will transform as a primary field:
gz | A2
VINCAE ‘ 57 Uz, 2). (144)
Z

2.2.2 Integral representation

These freshly derived wavefunctions admit the Fourier expansion on the plane waves [24]
Va(e,?) = [ [dIGalp. e, (145)
Hs

where the hyperbolic SO(1, 3)-invariant measure [dp] is given by
dp| = / — / d*w, 146
Ja= [ (140

Py, W) = (1 +y* + ww,w + w, —i(w — w), 1 — y* — ww), (147)

pH = mp" parametrized as

and the Ga(p, Z) being the bulk-to-boundary propagator in AdSs [25]:

A
- y L
GA b,z)= ( > = ) = ~ . 148

A= \rE—ar) T s ()

From the last equality it is clear that the propagator transforms as a primary itself under an SO(1,3)

transformation:
—A/2

a—’/
- Ga(p,q)- (149)

0z

Ga(Ap,Ag) = ‘
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Hyperbolic momentum parametrization

0
PA

-
>
> D

Figure 5: Mass shells p> = —m? in 4D Minkowski space. Limit m — 0 drags the hyperboloid to the lightcone.

2.2.3 Massless case

In the beginning of this section we imposed a massive Klein-Gordon equation for the conformal primary
wavefunction to obey, and during solving the differential equations the mass inevitably appeared. Now we ask
ourselves: what about the massless particles? Do the massless wavefunctions change compared to the massive
ones? The quick answer is yes, and their integral representations become simpler, namely they become Mellin
transforms of the plane waves. The expanded explanation of this we will obtain below.

Looking closely at the hyperbolic parametrization of momenta above, we see that massless limit is obtained
by sending y — 0 while w = % is held fixed. Starting with the expression for the bulk-to-boundary propagator,
we consider two cases:

1. @ # Z, the bulk coordinate @ doesn’t lie on the boundary. In this case the limit is taken trivially:

A A
lim Ga(y, @; 2) = lim <y> - |y7 (150)

y—0 y—0 y2+|571§|2 Z*IF)PA7
2. W = Z, the bulk coordinate w lies on the boundary. In this case such limit diverges, indicating the

presence of delta function 6 (2 — ). We take our ansatz to be Ga(y,w;z) = C(y) - (2 — &) and
integrate it over the boundary [ d’z:

A 27 [e’e) A o0
dr T
— | P (—L— :/d/ dr (52— ) =2 A/ : = 28
cw=[ Z<y2+|z—w|2> o @ rir ) T e eE A1V

(151)
where we went to polar coordinates z — w = re*® with d?Z = r dr dg.
Therefore, the final answer for the limimt of our propagator consists of two terms:
Caly B 5) = 26D () + U4 (152)
Wy Z) = —— -0+ ————=sc+ -
Al\Y, Wy A*ly ‘ginA

The first term, upon taking the integral transform (87) on it, changing variables [° dy = [~ 52 dw after
integrating over the bulk variable « in delta function, takes the form of a Mellin transform:

Wm’A

Yz, 2) = 2—A(A-1)/0 dw WA~ tewiE) e, (153)

To not carry around the factors in front, we will define the normalization of massless wavefunction as
following:

on(z, 2) = / dwwi tewi@e o~ __ (154)
0
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2.3 Celestial basis for scattering amplitudes with examples

Using these freshly derived dictionary we can relate momentum space scattering amplitudes A to scattering
amplitudes A in a conformal primary basis.

Definition 7. The celestial amplitude is defined to be the following transformation of momentum space
amplitude and corresponds to a correlator of local primary fields Oa, (2, Z;) living on CCFT:

~ . d®p; . .
A(Ai, 21, %) = (0a, (21, 71) .. O, (20, Z0)) = [ / p—ffGAl (Bs; 21, 22) Aleimipi), (155)
i=1/Hs Fi

where €; = +1 depending on whether the it particle is incoming or outgoing.

The celestial amplitude transforms as a primary field under SL(2, C) transformation, since its building bricks,
conformal primary wavefunctions, transform as primaries as well:

—A;/2 -
A(Ai, ). (156)

AB:71(5) =

7

>/
07;

07;

n

1

Important note to remember is that conformal primary wavefunctions form a basis of solutions not for any
arbitary weight A, but for a certain set of them. For example,

1. A=1+iX\ X >0 for massive case;
2. A =141\, A € R for massless case.

Definition 8. The range 1+iR is called principal continuous series of the irreducible unitary representations

of SO(1,3).

This condition can be obtained by imposing ortonormality, linear independence on the wavefunctions while
also demanding that they should be delta-function-normalizable w.r.t. the Klein-Gordon inner product. How
to obtain it in detailes is discussed in [24].

2.3.1 Example of 2 massless and 1 massive scalars at tree-level

It is important to see at least once how this integral transforms are being made and to obtain the direct
form of some celestial amplitude. With this purpose we consider the simple example of a tree-level celestial
amplitude for two massless and one massive scalars [26]. This will be also a pedagogical example, since the form
of 3-point correlation function in 2D CFT is still fixed from conformal symmetry up to a coupling constant:

_ _ _ Cha2s
<¢1(Z1a Zl)¢2(z2a 22>¢3(Z37 Z3>> = “hitha—hs _hoths—h1 _hathi—ho (157)
212 223 213
1

X —= = — = — = —.
2h1+h2*h3 2h2+h3*h1 2h3+h1*h2
12 23 13

(158)

Thus, we have an expectation of what we should obtain in the end and can compare the final answer with
this expectation.
We start with the momentum space 3-point interaction:

A(pi) = g6™ (w11 + wado — mp). (159)

The associated celestial amplitude is then

Y 2 > A—1 < dy 2 Y fe
T A s - J 1
A(A7,7z7,7z1,) 9};[1 <‘/O dewZ ) /O yg /d w (y2 T |23 — w|2) ( 60)

x 0® (w11 + wada — mp). (161)

The most tricky part when computing celestial amplitude is finding the roots of delta function. While more or
less obvious in the massless case and 3-point interaction, one might find themselves in a pickle when going to
more legs and considering more massive particles. However, considering deadly difficult integrals is out of the
scope of our course, because this would not be welcoming at all to the listener.
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We will be using the following parameterizations of momenta:
G=01+z2z,z2+z,—i(z—2),1 —22),

1
p=— (1+y*+ww,w+o,—i(w—u),1-y* —wd)

2y

In these variables, we solve the momentum-conserving delta function and find that on its support,

o — m? _ 2mws | z12|?
2 4w1|212|2’ Y m2+4w%|212|2’
m2zy + 4w? 21|21/ _ om?Zy + dwiz|212]?
w = W =

m?2 + dw?|z12|2  m2 4 4w?|z0)?
The Jacobian for the transformation from (w;g;, mp) to (wa,y, w,w) is

m3(y? + [w — z[?)

J =
17 i

We then find that

DUy N (e Yy 2melf
w3 I \y? + [w — 23 2 4wy |212)? m?2 + 4w?|z12|?
A-
x 5 (w _ma +4w£21|212|2) _2_m ( 2mws |212]° > T 5.
m2 4 40J1|2:12|2 m3 2w1|z12|2 4w1 |212|2|2’13|2 + m2|223|2

The integrals over y, w,w are now trivial and the celestial 3-point amplitude becomes
Ap—1 _ _
A'(A 7) m2 2— 2m‘212‘ A3 d w1A1 Ax+Az—1
i 2i5%2i) =9\ 77 3 w1
4] z19]? S m2z (4wP|212]?|213] + m2[203?) 23

gm2A2+A3 4 1Al—A2+A3—1
= dw
22A2—A3—2|z12|2A2—2A3/ 1(4w%|z12|2|z13|2+m2|z23|2)A3

Upon a change of variables, the remaining integral becomes proportional to the beta function:

' a=1¢1 _ 1\8-1 _ I'(a)L'(8) = B(a
/Odtt (1—1) = Tatd) = B(w, B),

and we conclude
C(Ala AQv A3)
|212|A1+A2—A3 ‘213‘A1+A3—A2 |223|A2+A3—A1 ’
mA1TAz—d A+ Az —Ap+ Ag
2A1+A2—1 2 ’ 2 '

«Z(Ai,zu%) =

C(A1,A2,A3) =g

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

(171)

Notice how the structure reproduces 3-point correlation function (158) of 2D CFT, taking into account that

in the scalar case h; = h; = A
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3 Lecture 3. Symmetries on the celestial sphere

3.1 Action of 4D bulk symmetries on the Celestial sphere

As was mentioned in the very beginning, holographic correspondence means that certain symmetries in
the bulk are related to certain symmetries on the boundary of a spacetime. In the last lectures we saw that
Lorentz transformations in the bulk of our asymptotically flat spacetime is corresponding to the global conformal
SL(2,C) transformations on the celestial sphere, and that our conformal primary basis is set of Lorentz boost
eigenstates. But what about other symmetries of our spacetime? Starting with 4D translations, in this lecture
we will set the symmetry correspondence between asymptotically flat spacetime and its boundary.

3.1.1 Poincaré symmetry on CS

It is important to discuss how the Poincaré symmetry acts on celestial amplitudes. As shown in [27] the
Lorentz generators act on the stripped celestial amplitudes as
Lo=2(20,+h), L_=0,, L,=20,+2zh,

, RO B - (172)
L() = 2(285 + h), L_ = 5'5, L+ =z ag + 22h

Lorentz symmetry of scattering in AFS is equivalent to global conformal symmetry SL(2,C) of celestial

amplitudes B o
LA, =LA, =0, (173)

where A,, is an n-point celestial amplitude and
Lr=> Liy, Lr=)Y Lix,  Te€{-1,01} (174)
k=1 k=1

Here Ly ), corresponds to a Lorentz generator related to each particle k. It is nothing else but a global Ward
identity for correlation functions of primaries in 2D CFT (107) that we derived in the first lecture. We are
ready to start building holographic symmetry correspondence dictionary:

4D Asymptotically Flat Spacetime 2D Celestial CFT

Lorentz Invariance SO(1,3) +—  Global Conformal Symmetry SL(2,C)

To arrive to Poincaré symmetry, we also need to investigate how translation generators act on the celestial
amplitudes. Bulk translation invariance implies that

PuAn =0, Pu=> Pur. (175)
k=1

Actually, each of the translational generators P, ;, acts on their own massless particles as their weight-shifting
operators. To see this is really straightforward, we can start with the momentum space action on a massless

wavefunction ¢a (z, 2)

Puga(a,?) = —i / dw A 1eiwi @) — / dw w7 (=i) (iwgy ) eI = (176)
0 0

_ (L/ dw wATD -1, iwi(D e _ ‘?u¢A+1($75)
0

We see that the action of translation generator act as a weight-shifting operator and carries the information
about the direction of translation ¢*, even though the wavefunctions already do not depend on the energies w,
since they are integrated over.

We can encode the action of a weight-shifting operator as an exponential operator e?2 f(A) = f(A + 1),
therefore action of translations generator on a celestial primary basis immediately reads as:

P,k = €xdu(zn, zk)eaA’% (177)

where ¢, = £1 distinguishes between incoming and outgoing particles.
Therefore, when acting on a celestial amplitude, it shifts the scaling dimension of k-th particle:
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PkZ(Al,...,An) = €kqA;€.Z(A1,...,Ak +1,...,Ap).

After summing over all the particles whose weights have been shifted, we conclude that the translation
symmetry of the amplitude (175) implies the following constraint:

Ap(Ay+1,00, . A + A (A, Ao+ 1, AL+ + A (A, .., Ay +1) = 0. (178)

This relation can be considered as momentum conservation law on celestial sphere for scalar massless scat-
tering. Continuing our dictionary,

4D Asymptotically Flat Spacetime 2D Celestial CFT

Translation Invariance (massless) <«+—  Weight-Shifting Operators (A — A 4 1)

For massive scalars, the cute little weight-shifting action is replaced by

Pt = % Kazagq“ + 8unagt{i5qﬂaz + (qu‘@%g) e 9 4 AAzﬂl el . (179)
and is determined by imposing the on-shell condition
P,P" = —m?, (180)
as well as the Poincaré algebra
[Py, P, =0, [Mu,P)=nu,P,—n,,P,. (181)

Exercise 10. Verify that P* for massive scalars indeed satisfies the on-shell condition and reproduces the
Poincaré commutation relations.

3.1.2 Constraints from Poincaré symmetry

(172) and (177) imply that any celestial 4-point function can be put into the form

Ay = Ky, 5. (20, 2)8(2 — 2) f1o0 (2, 2), (182)
with kinematical factor
4 4
Kh h Zlazl - H h/3 hi=hs Z/?) s h 5 h = Zh/za (183)
=1 i=1

and 2D conformally invariant cross-ratios

213224 _ Z13%Z24
T TR T (184)
212734 212234

For massless scattering, (184) are related to the bulk variables (Mandelstam invariants) by

Z=-c, §= —(p1+p2)?  t=—(p1+ps)* (185)
Additionally, in this case momentum conservation (175) implies that
4
1poal,
ZKhj-*—%ﬁj-i-%(Zi’Zi)fh]+2’h']+2(z’z) =0. (186)
j=1

Since the conformally covariant factor (183) is translationally invariant by itself, (186) can be non-trivially
obeyed if ~ ~
PrEERT (z,z) = fltE T (2 2), Vi (187)
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By induction it can be shown that (187) implies that

f’”j”(zj) = f’B’Ji(z,E), 8= Z(hz + Bi) = ZAi~ (188)

More generally, (175) will be obeyed by celestial amplitudes with both massive and massless particles,
provided P, j, are chosen appropriately. For example, consider the three-point amplitude of two massless and
one massive scalars computed in previous lecture. The same result can be perhaps more easily recovered by
considering the constraint

(P1 L P+ ng’”)) As(1,2,30m) =0, (189)

where Py, P, are the massless momentum generators in (177) while Pém) is the massive momentum (179).
Global conformal invariance fixes

~ C(A1,Ag, A3)
(TVL) _ 1 2, 3
A(17273 ) - ‘212‘A1+A2,A3|223|A2+A3,A1|213|A1+A3,A27 (190)
hence (189) leads to the following recursion relations on the 3-point coefficients [18]
A2 Az —1)?
<f - (34)> Cayng.05—-1+ Az(As — 1)CA17A27A3+1 =0,
191
dea(Asz = 1)Ca, Apt1,85 +mez(Az =1 — A1a)Ca, Ay n5-1 =0, (191)
de1 (A3 — 1)Ca 41,085,805 +mez(Ag — 14+ A12)Cayny,0,—1 =0,
where Ao = Ay — As.
Exercise 11. Show that (191) are solved by
Al —As+ A3 As— A1+ A
C(Alv Ao, AS) =B ( - 22 3’ 2 21 3) CAy,A2,A35 (192)
where
CAL,A2,85—1 = CAL,Ag,A5+15
CA14+1,A2,A3 = CA1,Ar+1,A3), (193)

CA1+1,A2,A3 = CAy,Ap,Az—1-

The first constraint in (193) implies ¢ is periodic in Aj of period 2, the second implies periodicity of period
1 in A; and Ay up to dependence of Ay + A, while additionally, the last constraint implies ¢ is periodic of
period 1 in Ay, A3 up to dependence of Zf’zl A; in which case the period becomes 2. The periodic function is
set to a constant by requiring the inverse Mellin transform to be well defined.

3.1.3 Action of supertranslations on CS

An interesting question to explicitly write down is how supertranslations act on our space of celestial states.
Remember firstly our generating vector field (10). To see it easier, we can write down the action of the leading
in r term, changing coordinates fromm (u,r, 2, ) to (¢,r, 2, 2):

f = f(Z, 2)5‘“ = f(z72)8t- (194)

Now we can see the action of it on wavefunctions in momentum space

€6 = f(z,2)0he T TIPT = —jwf (2, 7). (195)

Again, we do a Mellin transform and obtain:
o0
Eoa(z, ?) :/ dww Y —iwf (2, 2)e?1ET = _if(z, 2)pas1(z, 2). (196)
0

So supertranslations also act like weight-shifting operators. Again, if among them we can pick the f(z, 2)
responsible for 4 global spacetime translations.

Exercise 12. Retrieve the weight-shifting action (176) of global translations using (12).

4D Asymptotically Flat Spacetime 2D Celestial CFT

Supertranslation Invariance (massless) <—  Weight-Shifting Operators (A — A +1)
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3.1.4 Action of superrotations on CS and Ward identities

What if instead of stopping, we proceeded in the large-r expansion of asymptotic metric (4)? Then, we
would write down the next order term in the expansion:

2
ds? = — du® — 2dudr + 2r’y,:dzdz + %d’tﬁ +rC,.dz? + rCszdz>

1 /4 1
— 2U,dudz — 2Usdudz + - (3(Nz + ud,mp) — 48Z(CZZCZZ)) dudz + -, (197)

N, (u, z,Z) is known as the angular momentum aspect, because its integrals over the sphere, contracted with
a rotational vector field, give the total angular momentum.

This angular momentum aspect is part of the constraint equation G, = 87GTM . This equation gives the
following constraint on N,:

1 _
OuN, = Zaz(Dgczz — D2C%?) —udy0.mp — Ty, (198)
where we defined ) )
T,. =8nG lim [r*T)] — ZaZ(OZZN“) — 5CZZDZN“. (199)
T—>00

We see that in contrast to mp, which was connected to the energy density, the angular momentum aspect
N, is connected with momentum density T,.. Also this relation shows us that as soon as mp and C,, are
specified, then 9, N, is also fixed, which means the N, itself is fixed up to a function depending on (z,%). To
fix this function we impose another matching condition:

NZ(ZV?”]f :NZ(ZV?)‘J_;' (200)

This condition implies a second infinite set of conserved charges, which can be constructed from an arbitary
vector field Y# on a sphere and are defined as:

1 1
F=— d?2(YzN, + Y,N;) = — d?2(YzN, + Y.N:) = Q5. 201
Qy 876G J 4+ 2( + ) 87G /.- 2( + ) =Qy (201)
Lorentz Killing vectors are of the general form
u z u z z 1 z u z
&y = (1 n 5) Y30, = S-DFD.Y*0; = S (u+1)D.Y*0, + 5 D.Y 0, +cuc., (202)

where (Y*,Y?) is a two-dimensional vector field on CS?. At null infinity ¢y simplifies to
Cylys = Y20, + gDzYzau fee.. (203)
The claim is that for flat Minkowski space, if we take
Y*=1,2,2% 1,z i2%, (204)

then the six real vector fields (y generate the Lorentz transformations.

But what if we don’t? What if we let Y* to be a local vector field? Then Y * is allowed to be any holomorphic
function on a celestial sphere, and this condition is solved by Y? = 2™, n € Z. This choice of conserving local
fields instead of imposing global symmetry will have interesting consequences for us.

Let’s repeat the analysis similar to the leading soft theorem, but this time interest ourselves in the subleading
(w®) mode. Authours in [28] showed us that the subleading relation leads to

(out|QES — SQy fin) = —ﬁ / d?2D%Y*¢.:8M~ (out|S|in) (205)
= (Yz'cazk - %Dzky%awk) (out|S]in). (206)
k€in,out

We look closely at the term Y**0., and remember that superrotation symmetry set Y+ = 2!, n € Z for us.
Now the time has come to recall everything we learned about 2D CFT. The first term in the integral is nothing
else but the Witt generators (90).
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Rigorosity Alert 4. FEven though it is formally the Witt algebra, in most of the celestial literature one will
see it being called the Virasoro algebra. For a reference, the Virasoro algebra is called a central extension of the
Witt algebra and its generators obey the modified commutation relation

(L, L] = (m —n) Ly yn + £ 2

m(m
12

- 1)5m+n70-

When the central charge ¢ = 0 the two algebras indeed are the same thing. At the tree level we will carelessly call
it either the Witt or the Virasoro algebra, meaning the Virasoro without central extension. In the last lecture
we will mention the witeo algebra that will make everything so much more complicated that this notice will
disappear in the ocean of pain.

If now we set

Y# = o Py (207)
and define stress-energy tensor component
1 _
T, =i / d*w——D2D"N). (208)
z—w
then our Ward identity (206) will take form:
n ilk I ]A”Lk 1
T..01...0,) = itk 0., | (O1...0,). 209
(T..0 ) ;l(z%)ﬁzmﬁz% .| (01 ) (209)

This should seem familiar.

Up to a confusing entrance of Christoffel symbol T'Z, (which arises because of appearance of a curved
background), it is nothing else but a standard 2D CFT Ward identity (106) in the stress-energy formulation
from the first lecture. To be more precise, this is a Ward identity in 2D CFT on a curved background [29].
Therefore,

4D Asymptotically Flat Spacetime 2D Celestial CFT

Superrotation Invariance +— Local Conformal Symmetry (Virasoro)

3.1.5 Closing remarks on the symmetry correspondence

This is how asymptotic symmemtries are connected to conformal symmetries on CS. We started from the
global Poincare symmetry of the spacetime and then built a generalized group of asymptotic symmetries called
extended BMS group. This symmetry group consists of supertranslations and superrotations, and they have
global translations and Lorentz transformations as a subset. To complete the story about symmetries, we
provide the full table of their correspondence below:

4D Asymptotically Flat Spacetime 2D Celestial CFT
Global Conformal Symmetry SL(2,C)

Lorentz Invariance SO(1, 3)
Local Conformal Symmetry (Virasoro)

Weight-Shifting Operators (A — A + 1)

Superrotation Invariance

I11

Translation & Supertranslation Invariance

3.2 Shadow transform

In this section we will show another interesting property of conformal primary wavefunctions introducing
shadow transform. Namely, we will show that the conformal primary wavefunction ¢i is the shadow transform

of (biA.

Definition 9. Given a 2-dimensional scalar conformal primary operator Oa (), its shadow [30-32] O (D)
is a non-local operator defined as

~ . (A-1 . 1 .
Oa (W) = ( )/de’WOA(w’). (210)

™ w
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The shadow operator (5A transforms as a scalar conformal primary operator with conformal dimension
2 — A. The normalization constant is chosen so that our conformal primary wavefunctions transform nicely
under (210).

To study the shadow transform of our conformal primary wavefunction, let us first note a useful identity
(see, for example, [33])

25 1 1 (A1) (—X2)1-A
/d FoaPeA (q(3) XA T T T(A) (—g(@) - X)PAT (211)

Notice that shadow transform of our conformal primary wavefunction directly follows from this identity:
OA(X510) = ¢y (X;D). (212)
Exercise 13. Show this in detail.

Remember now when we were taking the massless limit of bulk-to-boundary propagator (152), we obtained
the expression for massless conformal primary wavefunction (153). I will rewrite the expansion of propagator
below so we will have it close:

yA

GRS

T
Ga(y,w; 2) = ﬁgf*A(S(Z)(Zf W) + + (213)

During this transition I deceived you a bit, cause if we substitute in the expression for the wavefunction
both of these terms, the first one will, indeed, give a clear Mellin transform ¢a (z, Z), but the second term will
be nothing else but shadow transform of it:

-A o0 o
Vi (z; 2) m=20, (%) Ai 1 /0 dwwh~tetwa)e (214)
A2 1 e ol
+ (%) /d2u77|u_j_2|2A/0 dw w'~Betwal@) e (215)

Let us rewrite the second term more carefully, substituting new scale dimension A’ = 2 — A, so it will be
more clear:

1 o0 ’ . = —
2 A'—1 tiwqg(w)z __ , >
/d w‘w— —‘|2(2—A/)/0 dww € = ¢A (Z‘,Z), (216)

bar (z,7)

Thus the conformal primary wavefunctions q[)i and (bi A should not be counted as linearly independent
solutions to the massive Klein-Gordon equation as they are related by a shadow transform, which means that
we can disregard the second term, as it is not a linearly independent wavefunction.
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4 Lecture 4. Celestial OPEs, w;,,, algebra of soft gravitons and its
connection to twistors

4.1 OPEs from asymptotic symmetries

In this section we will consider some celestial OPEs that originate from analysis of asymptotic symmetries.
In the next section we will see that such analysis gives us the same result as scattering amplitude approach of
collinear limits. The following will be based on an article [34] that discusses gluon and graviton OPEs. However,
we will interest ourselves in the graviton case (since our school is called School on Gravitational Physics).

When two massless particles p1, p2 interact through a 3-vertex, the resulting propagator will be proportional
to pfm. Remembering also the celestial parametrization p; - po = —wiwsz12Z12, We see that such a pole
corresponds to at most a simple pole at z; = z3. We will consider holomorphic singularities in z3, since
antiholomorphic case is analogous. Schematically the OPE of conformal primaries takes the form

1
0A1751 (Zlv Zl)oﬁmsz (ZQ, 22) X 7120A37$3 (ZQa 22) + OI‘deI‘(Z(l)2). (217)

According to [34], the following constraint for these scaling dimensions arising from vertex dimensions should
be satisfied for graviton OPEs:

Ag = Al + Ag. (218)

We will denote by G* an operator corresponding to a graviton of helicity s = £2 that crosses the celestial
sphere at a point (z, z). Notice that OPE G~G~ is nonsingular when z12 — 0, it has only singularities in zjs.
This leads to an OPE of the form

_ _ Z12 _
G}, (z1,21)G5, (22, 72) ~ 712E:|:(A13A2)G§1+A2(22322) (219)
for some coefficitents F; (A1, As) = E;(Ag,Ay) and E_ (A1, As). After imposing leading and subsubleading
soft theorems, we can find the actual form of these coefficients, which are Euler beta functions:

Ei(Ar,Ay) = —%B(Al —1,Ay F2+1). (220)

4.2 Celestial OPE’s and collinear limit

While the celestial OPE’s are somewhat cumbersome, one still can study some of their properties with-
out specifying their precise form. Here we will pay attention to a so-called collinear limit of two particles
participating in a scattering process.

1 1 1 1
p1-p2  E1Ey—pi-pa  E1E; — |pi||p2|cos®  Ei1E2(1—cosf)’

(221)

Therefore, when p;||p2 and cos@ = 1 the propagator will have a divergence in momentum space.
Firstly collinear limit was obtained for gluons in [35]. As mentioned, we will focus on gravitons in this
lecture. So, if we consider a tree-level n-graviton scattering amplitude, the limit when z15 — 0 will behave as:

lim A7 (pr..pn) = Y Splitd,, (pi, ;)AL o (p1.-Pepn), (222)

Zij —0
. s==£2

where P* = pi +p/, wp = w; +wj in collinear limit and the collinear factor Split;, s, (i, pj) takes the form [36]:

- 9 - 3
K Zij w KT WS

Split2,(pi,pj) = —= -2 =L Splity %, (pi,p;) = —= L —I_ 223

plitas (pi, pj) 2 21 wiw, plity "5 (pi, ;) 2 2y o (223)

with all other combinations of helicities vanishing. In the collinear limit, the celestial gravity amplitude A
becomes

A’Sl“-sn (A17 Zla 217 e 7A7L7 Zﬂa Zﬂ) ﬂ]_) (224)
H d(JJk; kak—l Z Sphtzls] (pivpj)Asr"S"'sn (p17 o aP7 e apn) +
k=170

s==+2
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To simplify, we make the following change of variables
w; = twp, w; = (1 —t)wp, (225)
so that for example
00 [e'S) .. 1 00
/O dw; w?i‘l/o dw;j wiSplit, (pi, py) = fgzi/o dtt™i=2(1 — t)Afz/O dwpwh T (226)
i

The t integral is immediately recognizable as the integral representation of the Euler beta function,

Bla,y) = /O1 (1 — 1)1, (227)

whose origin is hence a splitting factor for the conformal weight between the two collinear external particles.
Since the only ¢ dependence on the right hand side of (224) comes from Split;, s; (pi,pj), one finds

lim /Tsl...g...g...(Al, 21521, DNy Ziy Ziy ,AJ‘, ZjyZjy - ) — (228)

Zij —0

— S?B(Al — 17Aj — 1)./2(51...2...(A1,Zl,21, e ,Ai + Aj,Zj,2j7 . ) + order(z?j).
]

Since this holds in any celestial amplitude, it implies the leading OPE between two positive helicity gravitons is

_ _ K Z12 _

G, (21,21)GE, (22, 22) ~ ‘57123@1 — 1,80 = 1)GE 4 a, (22, 22), (229)
in agreement with (219). By similar arguments, one also finds the following leading OPE between opposite
helicity gravitons -

. - _ K 212 - -
GJAFI (21, Zl)GA2 (227 Zg) ~ —57123(A1 — ]., AQ + S)GA1+A2 (ZQ, 22), (230)

again in agreement with (219).

4.3 w1 algebra

After getting familiar with graviton OPEs, we can try to see how these operators Ga(z, Z) generate a tower
of soft theorems, order by order. This section is based on article [37]. So, firstly we define what is a primary
operator corresponding to a soft positive-helicity graviton:

H" = 1i 5 =2,1,0,—1,... 231
gg)I%)EGkJ’»E? k ) 70’ ) ) ( 3 )

where weights are given by

(h,h) = <k;r2 ]‘;2> : (232)

To transform OPE to a commutator, for holomorphic objects we define:

21

(A Bl(2) = § 5 Aw)BC:) (233)

The soft current algebra found in [38] for gravity is

2—k 2-1 2— 2-1
= om+ = —n-—-DI(ZE+m+ S5 +n-—1)!
HE H) = -Zn@2—k) —m@2—1 (5 2 2 2 HERL (234
To write the algebra (234) in a simpler form we define
1
wh = E(p —n—Dl(p+n—1)H, (235)

This is essentially the light-transform or right-shadow [39] in one dimension and p is the right-shadowed
weight. Relation (234) then simply becomes

[wh,, wd] = [m(g — 1) = n(p — D]wh 2. (236)

m-+n
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The index k on HF runs over k = 2,1,0, ..., while p runs over the positive half integral values

3 .5
=1,-,2,—,... 2
p=13.27 (237)
The restriction h < m < —h or
k—2 2—k
— < m< —
2 - = 2
becomes
l-p<m<p-1. (238)

The commutators (236) were first written down by Ioannis Bakas in 1989 [40] and corresponds to an infinite
dimensional algebra of the area-preserving diffeomorphisms of the 2-plane. In this work m is an arbitrary
integer and the resulting algebra is now referred to as wjyo. The closed p = 2 subalgebra of wiy is the
¢ = 0 Virasoro algebra. This algebra in (236) is a subgroup of wi4e with m restricted according to (238).
The resulting restricted algebra is known as the wedge subalgebra of wii~, and can also be rewritten as
GL(o0,R) [41].

Moreover, each w?, (z) acts as a current on the celestial sphere. Hence we have a GL(00,R) Kac-Moody
algebra. The modes of the Kac-Moody currents act on the states of the 2D CCFT associated by the state-
operator correspondence to operator insertions in the celestial sphere [42]. A review of this and other fascinating
aspects of W algebras can be found in [43].

The closed subgroup generated by

L,=w?, m=-1,0,1 (239)
is an ‘SL(2,R),,’ current algebra implied by the subleading soft graviton theorem. It is related to the original
generators in (234) by

1 2
Lo = EHS, Ly = ;Hil. (240)
wd transforms under this SL(2,R),, as
(Lo, wi] = [m(q — 1) — nJwy, 4. (241)

like the modes of an SL(2,R),, primary operator of SL(2,R),, weight ¢. Since ¢ > 1 here, these are all
positive. However, unlike the H¥, they do not transform canonically under the original SL(2,R)g because of
the mode-dependent relation between the two. Indeed the normalization of the H* modes was chosen so that
they transform canonically under the original SL(2,R)r conformal generators with weights h = %

Evidently SL(2,R)r and SL(2,R), are not quite the same thing. w® on the LHS of (235) lies in a positive
weight h,, = p representation of SL(2,R)y, while H,, ™ on the RHS lies in a 2p + 1 dimensional, negative
weight h = 1 — p representation of SL(2,R)g. (235) is the relation between them. Both representations are
2p + 1 dimensional, because finite weight h SL(2,R) representations are 2h — 1 dimensional for positive half
integral h and —2h — 1 dimensional for negative half integral h.

Significantly, the SL(2,R)y, representations which appear here are all positive weight.

4.4 Connections with twistors and string theory

The statement of paper [44] is that wy o celestial symmetry arises somewhat naturally on twistor space as
a Poisson structure. I will try to give a brief review of what I’ve understood from this paper.

We start by introducing twistor space. I will not be very matematically rigorous right now, for further read
about twistors I refer to lecture notes [45].

Step 1: We start from a 4-vector x# = (20, 2%, 2%, 23) € RY3 in Minkowski spacetime with metric
ds* = (dz°)? — (dz')? — (da?)? — (da®)?. (242)
Step 2: We complexify the vector R'3 — C* by simply making each of its components a complex number instead
of a real one, while preserving the metric in the aforementioned form.
Step 3: Out of this complex vector we compose a complex matrix:

- Y5 1 20— 2% (2! +iz?)
ad _ af _&f,. . _
T T4 (—x1 +iz? 20+ )¢ (243)

which indices o, 3,6, 3 € {0,1} we raise and lower by Levi-Civita symbols ¢, = (01 é) = Cap

according to a, = a’eg, and b = €*Pbg.
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Step 4: We find a twistor space described by 4 coordinates Z# to be connected with spinor variables as follows:
74 = (:uda Aa), :U'd = xad)\a‘ (244)
This is enough twistors for today.

When the spacetime is not flat anymore, the twistor construction is not that straightforward, because we
need to deform the twistor space itself and introduce some structures corresponding to gravitons [46]. We will
not discuss this construction in details. o

Now we will give mathematical motivation of why to search for wy . in twistor space. Let u& = (u, u')
be coordinates on the complex plane, with Poisson structure

ap OF 99 _ 0f 99 Of 99

,g) =€ - = — - - 245
{f.9} I oF 00 Ol Byl 00 (245)
If we now construct polynomials:
wh = (O P ml < p -1, (246)
so that p =m — 1 € Z5g, then the Poisson bracket acting on these elements gives
{wh,, wi} = 2(m(g — 1) — n(p — 1))wh 2% (247)

This defines the commutation relations of the basis elements w?, of w; ., the same as we obtained for soft
gravitons in (236).

This hints us that the algebra of soft gravitons appears naturally when we go to complex coordinates and
sequently to twistor space. However, to see it clearly, which article [44] does, we need to introduce an action
(twistor sigma model action) and the corresponding hamiltonians g representing soft gravitons. We will not
perform it all in the current lecture, but will provide the result which follows from the authors’ analysis.

These hamiltonians can be decomposed into modes and will obey the same Poisson brackets relation as
purely abstract structure (247), reproducing the result obtained from graviton OPEs:

(g% rr 98 3 =2(m(g— 1) —n(p—1))ghis 2, .. (248)

4.5 Remember...

is'an illusion,

thgj universe
istalhologram
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